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Inclusion and Contraction-Based Persistent Homology Hourglass Persistence: Expressivity and Computations Algorithms
The persistence homologies (PH) tracks the evolution of topological information over time in a sequence. Here is an example of the type of sequence to show up in hourglass persistence.
Algorithm 1 FORWARDINCLUSION Algorithm 2 BACKWARDCONTRACTION
X Joo X S fo-1 b 1: Input: Filtration f: Graph G 1: Input: contraction function g; (PDy, PDy, B, UF) from Alg. 1
0 7 Al SEXE 7 A G - [Cy(X) 1C(X) : 1Cy(X) 2: Output: PDy, PDy, cycle basis B, union-find UF 2. Output: updated PDy, PD; with finite deaths
, , , . . 3. Initialize UF on V; PDg, PDy, B < ) 3. Initialize supernode S < (), stack B, list L

When the X,’s are grz.l.phs, there are two ty.pes of PH signatures: (1) 0th homology which tracks the evolution & Sort edges e, .. ., e by f(e;) 4 for elements € V U E in order of g(x) do
of components and (ii) 1st homology which tracks the evolution of cycles. Include (1) Include (2) Contract (1)  Include (0) Contract (2) Contract (0) 5. for j = 1..m do if € V then > Node contraction

(U, v) e, S+ SuU{x}

5
6: 0:
Many PH pipelines in graph learning rely on only the case when the maps above are all inclusions. This has : I : 7 if UF. find(u) = UF. find(v) then T if UF. find(z) # UF.find(S) then
y p1p grap g rely y P @ . > m —> ‘4—9 Cq C‘ ® 8: > Cycle-creating edge 8: PDg < PDyUA{(f(y),g(x))} > Kill younger
9 0:

limitations in both expressivity and metrizability. In this work [4], we study the persistent homologies of Build v € {0,1}™ from e; and path u ~ v else

contraction sequences and how they interact with inclusion sequences. 10: > Update Cycle Basis 10 B.push(g(x)) > Birth supernode cycle
Inclusion: : In particular, FB-persistence is an example of hourglass persistence, and is not the same as extended persistence. 1 B« BU{~} 11: UF. merge(z, .S)
fq f o (3 C 4 Contraction: 12: PDM N (f(ej)v OO) | 12: else > Edge contraction
o f=1 f =2 t=3 t=4 3 3 5 3 5 3 3 3 13 else > Spanning-tree edge 13: remove e from all v € B; reduce basis
LT W S ./. - Proposition. There are embedded graphs G, H with y =3 o—o0 ' 0—90 o 1: r“:ag Fﬁ;{dw)’ "o ;T)U F. find(v) 14: it some 7y becom?S dependent then
) Sequénce Q — 8 — Q — 0 height filtrations (see Figure on the right) such that FB- _ ’ ’ 3 ’ 16 I%)O egPDo LGE&fT(;) f(e;))} 1(55 ZD;[V]BT{(birth(v)’g(x)) > Closeformard evele
ot Homology 22— 72022 —1/? 2/2 persistence can tell them apart, but extended persis- ' 17: UF. merge(u, v) - olse ! > Close supernode cycle
1+ (1,00  (1,0)—1,(0,1) =0 1~1 1st(I({J;£1;1;)SI§>gY Z/2{abcd} 1:)(12,{?{%} @(?/()2){6,_{}1,(71)) f/j{ab} —0 tence cannot. y=1 0 _o i 06—, .0 18: UF. nbrs U{u YA U} > Record in Spanning forest s -« B pOp()
Porsistont Pairs  Z/2{1} 2/2((1.1)) 22(1} — 2/2{1} (1, o0) . . 19: for each root r of UF do 19: L+ LU{(r,g(x))}
2)2{(0,1)} 0 0 (2, 3) Persistent Pairs Z/zo{l} j;zi;a 1;1 20: add (f(?a), OO) to PDO 20: PD1 L PD1 LJ L
 Cyeton) pr e | | Motivation for Hourglass. Interleaving the filtration and contraction steps avoids the need to filtrate the entire space before 21: return PDy, PDy, B, UF 21: return PDy, PD,
Contraction sequences in general can be quite arbitrary, we first examine specific descriptors that are produced Startmg COI.ltl“aCtIOIlS, which allows.the total size of .the space that appears in its entire h.fetlme to .be b()},moled.3 This can o .
from a given filtration function f on X. We consider (* means we saw them in literature before): potentlally improve over the ruptlme on geperal simplicial comp.lexe.s,. as the Comput.atlon for their PH is O(n) where n Xperlments
is the number of simplicies. Putting a restriction on the number of simplicies by contraction SCAlEs the CoOmD UL At IO L QOW I, | L ittt sttt s es s es s sestts s tessessss s es s st sses s e sttt ses s et sse s es s e st e e s e st et s e e s et s e s e e s et s e e e e st et e e e et st e e e et s s e e e esn et s e e ren s,
1. Forward PH" as the PH of the inclusion sequence ) = X_; C ... € X,, = X of sublevel sets of f. There is a tradeoff between runtime and expressivity by when and how to contract. Graph Expressivity Tests and Ablations.
2. Backward PH as the PH of a sequence of contracting intermediate complexes 1C;(X) = closure of X; — X4 Backbone: GIN
fmeIC X tOIC X o o o o o 1 _ _
n(X) 0(X) Extension to Simplicial and Cellular Domain Dataset PH RePHINE  Fwd-only  Bwd-only Ours
3. Forward-Backward (FB) Persistence as the PH of the sequence of including sublevel Setis Of [ ISt alld ittt ettt ettt et e ettt ettt ettt et ettt ettt 1o e ettt ettt ettt ettt ettt ettt et ettt e ettt e et ettt ettt e e e e e NCI109 (Acc.%, T) 76.76 = 040 7789 = 1.19 77.00 = 1.03 76.35 = 0.50 77.89 = 1.87
contracting in the order of backward PH. FB-persistence, Extended Peristence, and any example of Hourglass persistence that filtrates the entire graph before PROTEINS (A(;c.%, 1) 69.35 + 1.83 69.94 276 70.24 £+ 2.95 70.54 £ 2.19 73.51 4+ 1.11
: : : IMDB-B (Acc.7%, 68.67 = 1.25 70.67 == 0.94 74.67 = 0.47 74.33 == 0.94 72.00 = 2.16
4. i};t;?gfz?sigrsfisﬁence* as the PH of the sequence of including sublevel sets of f first and contracting the performing contractions, are all examples of a more general scheme we know consider. - (ACE: | (7(;? T(; T) A P S
| Definition. Let f, g : X — R be two filtrations on X. The ( f, g)-FB persistence is the PH of the sequence of including the ZINC (MAE, [) 045 =001 041 =001 062=001 061 =000 0.40 = 0.01
5. Hourglass Persistence as the PH of any interleaving of inclusion steps in f and contraction steps in IC;(X), sublevel sets of f first and contracting the sublevel sets of g. MOLHIV (AUC%, T) 74.34 + 4.57 72.88 4 2.15 70.00 £ 3.11 70.59 4 1.83 72.34 4 0.74
as long as X; — X1 is included before contracting 1C;(X). Backbone: GCN
Our discussions are very generalizable to the setting when X is a regular cell complex or a simplicial complex.
Theorem. The following figure illustrates examples where: Dataset PH RePHINE Fwd-only Bwd-only Ours
1. For regular cell complexes, the extension is straightforward as they are closed under quotients considered here. N N N N N
o (a) oraph pairs with the same forward PH but different backward PH. NCI109 (Acc.%, T) 76.09 == 1.32 79.50 = 0.11 71.91 == 0.52 74.58 == 0.71 75.87 == 0.89
. . . 2 For SlmphClal C()Hlplexes7 Wwe can adopt a trick Of Simplicial quotient ([27 3]) PROTEINS (ACC.%, T) 7054 . 073 6875 253 6935 L 183 7054 L 146 72.32 -+ 1.46
e (b) graph pairs with the same backward PH but different forward PH. o IMDB-B (Acc.%, 1) 65.00 & 1.63 70.00 & 0.82 62.67 + 3.30 64.33 £ 3.30 68.00 + 2.16
o (¢) degree filtration with same forward and backward PH but different FB-persistence. NCIL (Ace.%, T) /843 = 0.98 78.91 = 0.80 75.59 = 1.00 76.24 = 1.74 78.67 = 1.69
| | . | . ZINC (MAE, |) 049 = 0.02 046 =0.01 086 ==0.01 0.87 ==0.01 0.44 == 0.01
o (d) degree filtration with same FB-persistence but different hourlgass persistence. MOLHIV (AUC%, 1) 75.12 & 0.68 7540 & 0.53 71.02 + 2.18 71.55 + 1.21 76.37 & 1.45

Here (a) is a color-based filtration, and (b), (c), (d) use vertex-based filtrations using the degree. Furthermore,
FB-persistence is strictly more expressive than the union of forward and backward PH.

What You Will Find in the Paper

e More theoretical results on expressivity and algorithms. Comparison to bipath and zigzag filtrations.
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