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Background

Unsupervised Restoration [W. Wang et al. 2023]

▶ No degradation model; only unpaired degraded/clean data.

▶ Learn a mapping by matching output distribution to clean images using GAN.

▶ Interpreted as an optimal transport (OT) problem.

Cross-domain Lossy Compression [Liu et al. 2022]

▶ Introduce a rate constraint into OT (entropy-constrained OT).

▶ View as compression between different source & target distributions.

[1] W. Wang, F. Wen, Z. Yan, and P. Liu, “Optimal Transport for Unsupervised Denoising Learning,” IEEE
Transactions on Pattern Analysis and Machine Intelligence, 2023.

[2] H. Liu, G. Zhang, J. Chen, and A. Khisti, “Cross-Domain Lossy Compression as Entropy Constrained
Optimal Transport,” IEEE Journal on Selected Areas in Information Theory, 2022.
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Motivation and Objective

▶ Classification is everywhere: Modern systems rely on classifiers and deep neural
networks (DNNs).

▶ Beyond distortion: In source compression, we should also preserve classification
performance (C) [Nguyen et al. 2025; Y. Wang et al. 2025].

R(D) −→ R(D,C), D(R,C)

▶ Our goal:
▶ Introduce rate + classification constraints to the OT framework.
▶ Enable task-oriented compression across domains.
▶ Jointly address restoration + compression + classification performance.

[1] Y. Wang, Y. Wu, S. Ma, Y.-J. Zhang, and A. Zhang, “Task-Oriented Lossy Compression With Data,
Perception, and Classification Constraints,” IEEE Journal on Selected Areas in Communications, 2024.

[2] N. Nguyen, T. Nguyen, T. Nguyen, and B. Bose, “Universal Rate-Distortion-Classification Representations
for Lossy Compression,” Information Theory Workshop, 2025.
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Unsupervised Restoration as Optimal Transport

Encoder Decoder𝑍 

Distortion Loss
𝔼[𝑑(𝑋, 𝑌)]

𝑋 ~ 𝑝𝑋: given noisy 
image distribution

𝑌 ~ 𝑝𝑌: given clean 
image distribution

Definition (Optimal Transport)

Let Γ(pX , pY ) denote the set of all joint distributions pX,Y with marginals pX and pY .

D(pX , pY ) = inf
pX,Y ∈Γ(pX ,pY )

E[d(X,Y )],

where d(·, ·): given distortion (cost) function, pX,Y ∈ Γ(pX , pY ): a (stochastic) transport plan.
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One-Shot Lossy Compression as Constrained Optimal Transport

Encoder Decoder𝑍 

𝑈 

𝑆 መ𝑆 

Distortion Loss
𝔼[𝑑(𝑋, 𝑌)]

Classification Loss
𝐻(𝑆|𝑌)

𝑋 ~ 𝑝𝑋: given noisy 
image distribution

𝑌 ~ 𝑝𝑌: given clean 
image distribution

Definition (Constrained Optimal Transport)

Let X ∼ pX Y ∼ pY , S ∼ pS , pX,S , pU,X,Z,Y = pU pX pZ|X,U pY |Z,U ∈ M(pX , pY ), where
M(pX , pY ) is the set of pU,X,Z,Y with marginal pX and pY , The constrained optimal transport
distortion for given rate R, classification loss C, and shared randomness U is:

D(R,C, pX , pY ) = inf
pU,X,Z,Y

E[d(X,Y )]

s.t. H(Z|U) ≤ R, H(S|Y ) ≤ C,
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One-Shot Lossy Compression as Constrained Optimal Transport

𝑝𝑍|𝑋,𝑈 𝑝𝑌|𝑍,𝑈𝑍𝑋 𝑌

𝑈

𝑆 መ𝑆𝐻(𝑆|𝑌)

𝔼[𝑑(𝑋, 𝑌)]

𝑝𝑌|𝑋,𝑈𝑋 𝑌

𝑈

𝑆 መ𝑆𝐻(𝑆|𝑌)

𝔼[𝑑(𝑋, 𝑌)]

Theorem

Let the joint pU,X,Y = pU pX pY |X,U ∈ M(pX , pY ), where
M(pX , pY ) is the set of pU,X,Y with marginal pX and pY ,
then the constrained optimal transport admits the
representation:

D(R,C, pX , pY ) = inf
pU,X,Y ∈M(pX ,pY )

E[d(X,Y )]

s.t. H(Y |X,U) = 0, I(X;U) = 0,

H(Y |U) ≤ R, H(S|Y ) ≤ C.
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Case Study: Bernoulli

Theorem

Let X ∼ Bern(pX), Y ∼ Bern(pY ), and a classification variable S with the binary symmetric
joint distribution given by S = X ⊕ S1 where S ∼ Bern(pS) and S1 ∼ Bern(pS1

)
(0 ≤ pX , pS , pS1 ≤ 1

2 ). The constrained optimal transport is feasible if C ≥ Hb(pS1). Assume
the Hamming distortion measure, under common randomness, we have

D(B)(R,C, pX , pY ) =



−2(1− pX)pX(Hb(m)− C)

Hb(m)−Hb(pS1)
+D

(B)
ind ,

Hb(ps1) ≤ C ≤ R(Hb(pS1
)−Hb(m))

Hb(pX) +Hb(m)

−2(1− pX)pXR

Hb(pX)
+D

(B)
ind , C >

R(Hb(pS1
)−Hb(m))

Hb(pX)
+Hb(m)

D
(B)
min, C > Hb(pS) and R > Hb(pX).

where m = (1− pX)(1− pS1) + pXpS1 , pS = pX + pS1 − 2pXpS1 and
Hb(a) = −a log a− (1− a) log(1− a) denotes the binary entropy function.
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Case Study: Bernoulli

D(B)(R,C, pX , pY ) versus R with C = 0.8, pX = 0.3, pY = 0.25, pS1
= 0.2.
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Asymptotic Lossy Compression as Constrained Optimal Transport

Definition (Asymptotic Constrained Optimal Transport)

Consider i.i.d. random variables Xi ∼ pX , Yi ∼ pY , and Si ∼ pS . The asymptotic constrained optimal
transport problem with rate constraint R, classification loss C, and shared randomness U in the
asymptotic regime (n → ∞) is defined as

D(∞)(R,C, pX , pY ) = inf
pU,Xn,Z,Y n∈M(⊗n

i=1pX ,⊗n
i=1pY )

1

n

n∑
i=1

E[d(Xi, Yi)]

s.t.
1

n
H(Z|U) ≤ R,

1

n

n∑
i=1

H(Si|Yi) ≤ C.

Theorem
In the asymptotic regime, the DRC function admits the single-letter characterization

D(∞)(R,C, pX , pY ) = inf
pX,Y ∈Γ(pX ,pY )

E[d(X,Y )]

s.t. I(X;Y ) ≤ R, H(S|Y ) ≤ C.
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Case Study: Gaussian

Theorem

Consider X ∼ N (µX , σ2
X) and Y ∼ N (µY , σ

2
Y ), S ∼ N (µS , σ

2
S), Cov(X,S) = θ1. The

asymptotic constrained optimal transport is feasible if C ≥ 1
2 log

(
1− θ2

1

σ2
Sσ2

X

)
+ h(S). Under

shared randomness, the asymptotic DRC tradeoff is

D(G)(R,C, qX , qY ) =



(µX − µY )
2 + σ2

X + σ2
Y − 2σSσ2

XσY

θ1

√
1− e−2h(S)+2C ,

1
2 log

(
1− θ2

1

σ2
Sσ2

X

)
+ h(S) ≤ C ≤ 1

2 log
(
1− θ2

1(1−2−2R)

σ2
Sσ2

X

)
+ h(S)

(µX − µY )
2 + σ2

X + σ2
Y − 2σXσY

√
1− 2−2R,

C > 1
2 log

(
1− θ2

1(1−2−2R)

σ2
Sσ2

X

)
+ h(S)

0, C > h(S) and R > h(X).
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Case Study: Gaussian

D(G)(R,C, qX , qY ) versus R with C = 2, X,Y, S ∼ N (0, 1), θ1 = 0.6.
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Experimental Results: Schematic

𝑋 ෨𝑌Encoder
(𝑓)

Decoder 
(𝑔)

+ -Quantizer Z

𝑈

Classifier
(𝑐)

Classification 
Loss

Distortion 
Loss

Discriminator 
(𝑑)

Wasserstein 
Loss

𝑆

መ𝑆

𝑌

min
f,g,Q

E
[
∥X − g(Q(f(X,U)))∥22

]
s.t. ϕ(g(Q(f(X,U))), pY ) ≤ P, H(Q(f(X,U))) ≤ R, H(S|g(Q(f(X,U)))) ≤ C.

▶ Ỹ = g(Q(f(X,U))), WGAN discriminator aligns pỸ with pY via a Wasserstein-1 penalty.

▶ U : common randomness, Ỹ = g(Q(f(X) + U)− U)

▶ In practice, we optimize the relaxed loss

L = λd E
[
∥X − Ỹ ∥2

]
︸ ︷︷ ︸

Distortion loss

+ λp W1(pY , pỸ )︸ ︷︷ ︸
Wasserstein loss

+ λc CE(S, Ŝ)︸ ︷︷ ︸
Cross-entropy loss

. (1)
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Experimental Results: Super-Resolution

(a) Accuracy vs. Rate (b) MSE vs. Rate

R = 20 R = 32

R = 4

R = 8

HR LR R = 4

R = 8 R = 20 R = 32

(c) Reconstruction

Application to Super-Resolution for MNIST Dataset
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Experimental Results: De-noising

(a) Accuracy vs. Rate (b) MSE vs. Rate

R = 30

R = 60 R = 100 R = 120

Clear Noisy R = 30

R = 60 R = 100 R = 120

(c) Reconstruction

De-noising for SVHN Dataset
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Experimental Results: Supervised In-painting

R = 30

R = 60 R = 100 R = 120

Clear Masked R = 0.21

R = 0.37 R = 0.89 R = 1.08

Supervised learning: have access to pairs of corrupted and clean images during training
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Experimental Results: Unsupervised In-painting

R = 30

R = 60 R = 100 R = 120

Clear Masked R = 0.24

R = 0.3 R = 1.02 R = 1.91

Unsupervising learning: No access to pairs of corrupted and clean images during training
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Thank you for listening!

Question?
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