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Data Model: Offline Contextual Bandits
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Targets of Interest

>

(Comments are welcome!)

(s,a) € S x A: input-output (e.g., prompt-response)
p € A(S): input distribution
"€ A(A|S): reference model

G C (S x A—10,1]): known function class
> Ve. > 0, Ng(e.) = poly(e;1): low complexity (i.e., nice covering number)

r € G: realizable mean reward function
D = {(s;,a;,r;)}I";: i.i.d. prompt-response-reward dataset
> sp e p, a7 s)
> r; = 1(s;,a;) + €;: reward with subgaussian noise
» See also the pairwise-comparison (dueling) counterpart in our paper!

Objective J(m) i= Buvy[(r(s, ), (1)) — 7Dy (w(-Is) [ (]s))]
> Dy: f-divergence
» Different f's induce different realizations, including TV, KL, ...
> 1~1: regularization intensity (also known as the “ temperature”)
Optimal Policy 7* < argmax_ J(7)
> e.g., T(:]s) o< 7 (+]s) exp (- 7(s,a)) for Dy = KL
Learners We consider learners with general function approximation. Formally,
the agent knows D, G, and 7'

> The agent may optionally know other hyperparamters like 1

> The agent is not allowed to further sample from p, 7™, and p x 7"

Performance Metric For any learner 7, we are interested in the sample

complexity n for it to achieve J(7*) — J(7) < €

> Results regarding argmax,c 4 7(s,a) — (r(s,-),7(:|s)) < € are
well-established, all of which are = ¢~2, intuitively because the statistical rate
for reward estimation is already needs at least > n !/

> The convergence against regularized objectives themselves are less-explored

even in the i.i.d. setting

What is the weakest data coverage condition for post-training to be statistically

optimal against f-divergence-regularized objectives?

» The answer depends on the “curvature” of the regularizing divergence
» Scope: offline setting with absolute or dueling feedback

Key Results
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5 Y e (g(s,a) — h(s,a))2
Dg((s,a);m) = g,hepg E(s.aperllg(s', ') — h(s', a'))?]

> Dé—related notions are offline counterparts of Eluder dimension
> D? = SUD(5.0)eSx A Dé((s, a); 7"): D?-based all-policy concentrability

sup

> D2 =B a)mpxas| DE((s,a); 7") |: D*-based single-policy concentrability
> D2 < D?

sup
> Dszup can be much larger than D2, in non-trivial cases

™ (als)

» (7 = SUD(5,0)eSx A 77 (a]s)- density-ratio-based single-policy concentrability

for sure

> Limitation: the worst-case notion C™ may not match the
instance-dependent notion D2, in general (sometimes D2./C™ ~ SA)

> Resolution to this limitation? Check our follow-up refinement on online
MABs at https://arxiv.org/pdf/2603.02155

» Subtlety for low temperature: as n — o0, regularization vanishes

> In the rigorous hardness results for KL, ne~! is replaced by ne=! A 72

See also our worse-case refinement for the tabular setting Near-Optimal Regret for KL-Regularized Multi-Armed Bandits (arXiv:2603.02155) @ the SPOT workshop on Monday

Reminder: Definition and Realizations of f-divergence

> Dy(PllQ) =32, Qx)f (P(x)/Q(x))

> Requirement: convex f with f(1) =0

> f(0) = f(0+), 0f(0/0) =0, and 0f(1/0) = f'(+00)

Realizations | TV(P||Q)| KL(P||Q) YA(P||Q)
f |z —1]/2 xlogx (z —1)%/2
Convexity of f| convex |strictly convex|strongly convex

» However, 7 — KL(rr||7") is ©(1)-strongly convex w.r.t. the TV distance

Algorithm Template for Dy = KL: No tricky algorithmic tweaks

Require: regularization 7, reference policy 7', function class G, dataset D
1: Reward learning via ordinary least square

g € argmin Z

2
(9(82', az‘) — 7“1')
9€9 (84,a4,1) €D

2 Let g« g—1, where '), : S x A — R, is the pessimism term
Ensure: 7(als) oc 7 (als) exp (- 9(s, a))

Algorithm Template for D; w/ Strongly Convex f: No pessimism!

1: Reward learning via ordinary least square

g € argmin Z

2
(g(Sz', CLz‘) - 7”2')
9€9 (s4,a4,m;)€D

2: Compute the optimal policy under g for s € S as

(-|s) « argmax (w(:|s), g(s,-)) +n "Dy (w(-]s)[7(-]s))
7(-|s)EA(A)

Ensure: 7

Dy w/ s.c. f provides stronger regularization than KL, ™ won't deviate from e

too much = no pess. needed
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