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Why Study Spiked Models?

@ Many learned representations are anisotropic: Histogram of Eigenvalues (Real Part)
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o Signal (spike that captures key information)
o Noise (bulk that “buries” the signal) os
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We want a precise map of when spike alignment
helps generalization and when it hurts. 00
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Problem Setup

Data model

X=Z+AcR¥, Z=0uv' (signal), X =0’uu' + I,

e Noise Assumption: E[A?j] = 72 with zero mean

Target model

For the i-th label: y; = azz B + caa, By + 25, B> =1

o E[c?] = 72 with mean zero.
o (B, u)?%: target alignment.

Minimum-norm interpolator Asymptotic Proportional Regime

Bint = XTy- = d/n
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Generalization Error

Model Specification

o ay = ay: well-specified

@ ay # a4: mis-specified.

For a new test data point {&,y}, with potentially different parameters 0,7, 7, a4, dy

Generalization error

R(Bint) =Ex e (5.5 [(§ — 9)°] =Ex e3¢ [(§ — 7 Bint)?]
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What Do We Measure?

Taxonomy of asymptotic overfitting behavior

R = lim R(Bint) — 72

n,d—00,d/n—c

o Benign: lim, . R. =0

o Tempered: 0 < lim. ;o R, < 00

e Catastrophic: lim. oo R, = >

@ When does alignment between 3, and the spike w improve generalization?

@ How does spike size change benign, tempered, and catastrophic overfitting?
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Two Spike-Size Regimes

Operator Norm Scaling Frobenius Norm Scaling
0° = 7> 0> = dr*.
@ v tunes the spike strength relative to the | o E[||Z]|%] = E[||A|%].
bulk (noise). @ “Stronger” spike signal (scale with d).
e BBP transition (“visible” spike) occurs at
v=(1+0)>

LELGENEY,
These two regimes give qualitatively different generalization behavior.
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Well-Specified Case: Exact Risk Theorem

In this case (aqy = ay = &4 = az = a > 0), the target y is a direct linear function of X.

Theorem (Well-Specified Risk)

Given data (X ,y) and (X,4) generated according to our setting. If the well-specification
condition ay = g = Gy = ap = a > 0 holds, the asymptotic excess risk R is:
2 fe<l
R TE 1—c IT C <
= 2.2.2_ 9022, nd 5 S
T\ et (1= 1) (I8 + (BT w)? PR | ife> 1
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Well-Specified Case: Operator Norm Scaling

In operator-norm scaling, for overparameterized models (¢ > 1),

1 292 1
Re=a%r? (1-1) (0.7 + 22252 (9Ty?) 452 L

limeyoo Re = a? 72 ([|B:]|? + 7(B, u)?) = always tempered overfitting

Representative Conclusion

For operator norm scaling, alignment is beneficial if and only if

v > c(c—2).

e If v = 0O,(1) (constant with respect to ¢), this threshold is not the same as the BBP
threshold v > (1 + 1/c)?, so a visible spike does not automatically mean alignment helps.
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Well-Specified Case: Operator Norm Scaling (Continued)

If instead v = w¢(1) (7 grows with ¢),

o Anti-aligned (3, u = 0), always tempered overfitting
o Aligned (8] u # 0 (say = ||3«]|?)), mixed behaviors:

00 if we(1) < v < oe(c?)
ILm Re =1 {1812 + (% —1)(B]u)? if v = ¢c? for const. ¢ >0
1B<]1* — (8] u)? if v = we(c?)

As v 7T, the overfitting regime: catastrophic — tempered — benign.
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Well-Specified Case: Frobenius Norm Scaling

For Frobenius norm scaling, the excess risk for ¢ > 1 simplifies to:

1 1
_22(4 1L 2 aT. 2 2
Rer = a’r (1 ) (18.12 = (BT w)?) + 72 —.

Representative Conclusion

Alignment is always beneficial when overparameterized (¢ > 1).
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Well-Specified Case: Phase Transitions in Practice

Excess Error vs Overparameterization Ratio Excess Error vs Overparameterization Ratio

2 o Aligned
w Anti-aligned

Excess Error
Excess Error

o Aigned
® Anti-aligned

2 4 6 8 10 1 2 3
c=d/n c=d/n

(a) Operator norm scaling (02 = 072). Alignment ini-  (b) Equal Frobenius norm scaling (02 = drz). Align-

tially improves generalization, but have catastrophic ment leads to benign overfitting, while anti-alignment
risk as ¢ — oo. Anti-alignment yields tempered risk. results in tempered risk.

Most surprising result

Increasing spike strength can induce catastrophic overfitting before benign overfitting appears.
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Misspecified Case: Alighment Has Beneficial Region

In this case (g = G4 # az = ayz), the target y is no longer a direct linear function of X.

Theorem (Mis-specified Risk)

Given data (X ,y) and (X, 4) generated according to our setting. If the mis-specification
condition holds with az = duz, ax = G, define A, := az — %4, Ay := az — agy, then

2
1+ (8] )2 —¢ 92‘1—72 c<1
Re =
— 2 2 2.2
T’? Cil T O‘iTQHﬁ*lP (1 - %) + 72 (,B;Fu)Q Ag 92-?72(; =i 002{?720(; - 2%] c>1

o Alignment is always detrimental for ¢ < 1.

@ The ratio az /a4 defines a region where alignment is beneficial for ¢ > 1.
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Misspecified Case: Beneficial Regions

@ For operator norm scaling, the beneficial region shrinks as ¢ — oo:

1<CLZ<1 3¢ — v+ 2¢y — 2c '
c~ ~c (2 +7)

ap
@ For Frobenius norm scaling, the beneficial region persists as ¢ — oc:

« 1
<L <o -
Y\ c

ol
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Beneficial Region Plots
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(a) Operator norm scaling, c = 2.
Large beneficial region.
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(b) Operator norm scaling, ¢ =
20. Smaller beneficial region
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(c) Frobenius norm scaling, ¢ =
1000. The beneficial region persists
at extreme overparameterization.

Figure 3: Phase boundaries for spike alignment impact. Coefficient of (3, w)? as a function of
oz [ a, indicating whether alignment improves or harms generalization.



Misspecified Case: Phase Transitions in Practice

Excess Error vs Overparameterization Ratio

® Aligned

®  Anti-aligned
— c=2

94/
(R

— c=

Excess Error

B
o -y

c=din

(a) Under operator norm scaling 0% = cr?) with
az =1, aa = 2, alignment initially improves gener-
alization for small ¢, but becomes harmful beyond a
critical point, leading to catastrophic overfitting.

Excess Error vs Overparameterization Ratio

o Aligned
® Anti-aligned

Excess Error

5

c=d/n

(b) Under Frobenius norm scaling (6 = Vdr) with
as = 1and az = 1.1, alignment remains better than
anti-alignment across all ¢, but benign overfitting is
not achieved unless vz = aa.

Most surprising result

The same alignment can become harmful beyond a critical point (see operator norm scaling).
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Risk Decomposition Theorem

General Theorem (Informal)

The risk R can be decomposed into four terms.

e Bias: error along the spike.
e Variance: norm growth of interpolator.
@ Noise floor: irreducible error.

e Target alignment: cross-term that can amplify or dampen risk!

The phase transitions come from competition among these four terms.
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nsitions Persist in Nonlinear Models

For 3-layer ReLU networks, we have

a=1,0,=01

au=1laz=1 au=1la,=4

_o- 'y 2z
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(a) az = 0.1, alignment helps.

(b) @z = 1, mixed behavior. (¢) az = 4, alignment hurts.

Alignment-driven phase transitions are not just an artifact of our linear model.
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We also have results for covariate shifts (az # az or g # a4). Check out the paper!

Scaling Benign Tempered Catastrophic
Well-Specified, No Covariate Shift: oy = a4 =az=dz=a >0

0% =72 v =we(c?), By | w All other cases 0c(c?) > v > we(1), B Lu
6? = dr? B || u B u Never
Misspecified, No Covariate Shift: oy = aa, 0z = @z, a4 # az

0% = y712 Never All other cases 0c(c®) >y > w.(1), 8, Lu
0% = dr? Never Always Never

Misspecified with Covariate Shift: oy # G4 oraz # az

ag # Gz, B L u,v=w(l)

2 _ 2 or

0° =~1 Never All other cases az =z, B. L u,
we(1) <y < o(e?)
02 = dr? g = Qg = aa, All other cases ayz #azand B, L u
Bl w

Spike Recovery: oy = a, =0, az = az (Appendix D)
0% =72 77 = 0.(1) 772 = 0.(1) 772 = wo(1)
0% =dr? 72 = 0(1) 72 =0.(1) Never
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Please visit our poster session.
Thank youl!
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