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Learning on Hypergraphs
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• Hypergraph: generalization of a graph where 

each hyperedge can connect k ≥ 2 nodes 

simultaneously

• Hypergraph Neural Networks: standard for 

learning on higher-order relational structures, 

representing hyperedges as set of nodes

• Most existing methods ignore directionality, 

treating such relations as symmetric Undirected Hypergraph
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Directed Hypergraphs
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Directed Hyperedge

(Definition) Directed Hypergraph

ℋ = 𝑉, 𝐸

𝑉 denotes the vertex set, 𝐸 denotes the directed 

hyperedges set.

∀𝑒 ∈ 𝐸, 𝑇 𝑒 ,𝐻 𝑒 ⊆ 𝑉, 𝑇 𝑒 ∩ 𝐻 𝑒 = ∅
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Applications 
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Many potential applications to real-world scenarios, just to name a few:

Chemical Reactions Social Networks
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Sheaf Hypergraph Networks
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• Sheaf Hypergraph Networks[1] extend Sheaf Neural 

Networks[2] to higher-order structures

• However, the proposed Sheaf Hypergraph Laplacian is 

not positive semidefinite (PSD), breaking its connection 

with standard spectral convolution operators

• Additionally, it does not model hyperedge directionality, 

limiting expressiveness in many applications
Sheaf Hypergraph Laplacian

[1] Duta et al., Sheaf Hypergraph Networks. In NeurIPS 2023.

[2] Bodnar et al., Neural Sheaf Diffusion: A Topological Perspective on Heterophily and Oversmoothing in GNNs. In NeurIPS 2022.
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Directed Hypergraph Cellular Sheaf
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A Directed Hypergraph Cellular Sheaf ℱ over ℋ consists of the following:

1. A complex-valued and directional matrix 𝒮 𝓆 ∈ ℂ𝑚×n with 𝑞 ∈ ℝ defined for each hyperedge-node 

incidence as follows:

2. A vector space ℱ 𝑢 ∈ ℂ𝑑

3. A vector space ℱ 𝑒 ∈ ℂ𝑑

4. For each incidence 𝑢 ⊴ 𝑒, a restriction map ℱ𝑢⊴𝑒: ℱ 𝑢 → ℱ 𝑒 defined as: ℱ𝑢⊴𝑒 = 𝒮𝓊⊴ℯ
𝓆

⋅ ℱ𝓊⊴ℯ, where 

ℱ𝓊⊴ℯ ∈ ℝ
𝑑×𝑑 is a real, directionless, restriction map.
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Directed Sheaf Hypergraph Laplacian: Definition

7

We define the Directed Sheaf Hypergraph Laplacian is defined as follows:

In the special case 𝑞 =
1

4
→ 𝑒−2𝜋𝑖𝑞 = −𝑖 reads:
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Directed Sheaf Hypergraph Laplacian: Definition
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We define the Directed Sheaf Hypergraph Laplacian is defined as follows:

In the special case 𝑞 =
1

4
→ 𝑒−2𝜋𝑖𝑞 = −𝑖 reads:

Only contribution 

in the undirected 

case Net-flow behavior
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Directed Sheaf Hypergraph Laplacian: Properties

9

Spectral Properties

• Always admits a spectral decomposition with real eigenvalues

• Is PSD, hence 𝜆𝑖 ≥ 0; ∀𝑖
• In its normalized form its spectrum is bounded: 𝜆𝑚𝑎𝑥 = 1

Generalization Properties

• Magnetic Laplacian for 2-uniform directed hypergraphs

• Generalized Directed Laplacian for q = 
1

4

• Sheaf Laplacian

• Undirected Hypergraph Laplacian[5]

[5] Zhou et al., Learning with Hypergraphs: Clustering, Classification, and Embedding. In NeurIPS 2006.
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Directional Sheaf Hypergraph Networks
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The directionless restriction maps are predicted by using an MLP:

Directionality is encoded using the directional matrix 
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Results: Real-world Datasets
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Our models achieve consistent improvements on 6/7 datasets.
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Results: Charge Parameter 𝒒
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• In highly homophilic networks direction is detrimental

• In more heterophilic networks it impacts positively

• This is in line with findings in the directed graphs 

literature
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Conclusions
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1. Introduced Directed Hypergraph Cellular Sheaves and the Directed Sheaf Hypergraph Laplacian

2. Encodes hyperedge direction through a complex-valued inductive bias

3. Achieves consistent performance gains across benchmark datasets

Future works:

• Extend directional encoding through quaternion-valued Sheaf Neural Networks

• Make the charge parameter 𝑞 learnable, enabling each layer to adapt its diffusion process 

dynamically
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