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Introduction

* Transformer 1s powerful for vision.

« Softmax attention has O (N?%) complexity.
* Linear attention improves scalability.

* But kernel choice remains underexplored.
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Softmax Self-Attention Vs Linear Self-Attention
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Motivation

* Existing linear attention mostly uses Gaussian kernels.

* Empirical Q/K distances are heavy-tailed.

* Gaussian decays too aggressively and suppresses useful mid-range interactions.
* Laplacian kernel better matches sparse and heavy-tailed token relations.
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Problem Statement

* How to design a better kernel for linear attention?
* How to preserve expressiveness under low-rank approximation?
* How to implement it efficiently on GPU?
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Methodology

* Laplacian kernel attention

* Injective normalized feature map

* Nystrom approximation for low-rank efficiency

* Newton—Schulz iteration for fast inverse approximation

CUDA 1mplementation for practical acceleration

NewTon-Schulz Kernel Execution Time Laplace Kernel Execution Time

Algorithm 1 Laplacian Kernel with Nystrém Approximation

1: Input: Qucrj_cs E,) € RV*4 Keys K € RY*4, Nystrom sampling function f, . "o‘;; ‘7“ ‘7" o 2 ;.'7\_/: ELT[‘:::n::::rd
2: Sampling: Q, K « f.(Q), f.(K) = Select m < n landmark points S ; /// g PyTorch Backward
3 W exp ( 3 QO K| 1) &> Kernel matrix on sampled points E g g S SRR Bt
4: C ¢ exp ( Qo K] 1) & Cross-kernel between all queries and landmarks R ; ?
5: G« owigT - Low-rank approximation of full kernel matrix 2 7 e Ll o8

A pp g .. ?o.s /4’“ N N
6: Output: (7 = N N

Nla B
1 A 3 o oo /\n’! oo
Algorithm 2 Newton—Schulz Iteration for Approximating W' L ' o
Matrix Size (N) Matrix Size (N)

Input: Landmark kernel matrix W € R™*™ number of iterations 7 € ZT
Add small perturbation: W <~ W - ¢I, where ¢ > 0

Initialize scaling factor: cv < m

Initialize: Xy ¢ aW T

for k = 1to7 do

6: X ¢ Xk_l(QI VVXk_l)

end for

Output: Approximate pseudoinverse X ~ W1

AR > oy
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esults

* Better accuracy-efficiency trade-off on ImageNet

* Linear memory scaling with sequence length

* Faster convergence than Gaussian-kernel counterparts

* Competitive downstream performance on detection/segmentation

FLOPs range ~ Model Params FLOPs  Top-1 %t  Image Size Backbone Mask R-CNN 1x RetinaNet 1x
Agent-Deit-T|Man et al. 2()24c 6.0M 12G 749 224 AP®  APE, APE, AP™ AP AP | AP® APE, APL, APYL APY AP}
VRWKV-T Duan et al. (2025| 6.2M 12G 75.1 256
< 3G PVT-T-PolaFormer Meng 2025) 12M 2.0G 78.8 224 EK'S{;T-}P-?M— (2024) ;é‘; 2?: :T-S 23(3) 232 ;«;3 - - - - - -
FL-PVTv2-BI (2023) 13M 22G 795 224 PVT- (2023) - : : L . - - - - - - -
BiFormer-T Zhu ot al. 13.1M 22G 814 224 SOFT++- iny/Luetal.( 4) 41.2 63.7 44.7 38.2 61.0 41.0 41.9 62.7 44.7 27.8 45.4 55.6
| LaplacmnFom 12.1M 2.1G 81.4 204 | LaplacianFormer-Tiny 43.2 66.1 47.2 40.3 63.0 429 42.5 64.1 464 29.1 46.9 57.8 |
InLine-CSwin-5 Han et al. (2024a) 33M 0.8G 53.8 224 PVT-S-PolaFormerMeng ctal. (2025) | 43.9  66.1 479 402  63.1 430 | 432 641 464 - - -
SVIT-S  al(2023) 25M 44G 83.6 224 InLine-PVT-S[Han ct al|(2024a 434 664 471 400 631 433 - - - - - -
BiFormer- (2023 oM 435G 8338 224 SOFT++-Small Lu et al. 438 660 475 401 630 430 | 437 649 468 287 474 576
3~8G HiViT-T Zhang et al. (2023b; M 466G 821 224 [LaplacianFormer-Small 458 682 498 420 650 452 | 455 668 490 307 518 595 |
Agent-PVT-S'H ( 206M __ 40G 822 224
[ LaplacmnFormﬂcr— mall 25.7M 4.8G 83.8 224 Agent-PVT-M|Han et al. (2024c) 459 678 504 420 65.0 454 - - - - - -
SVIT-B Huang et al. (2023) 52M 939G %18 123 FL-Swin-M|Han et al.[(2023) 440 664 480 403 634 435 - - - - - -
410G Lctal. 45M 72G 837 224 SOFT++-Medium Lu et al. (2024) 466 678 512 420 648 452 | 443 647 474 200 482 3599
~ 56.8M 9.8G 843 224 | LaplacianFormer-Medium 48.0 70.3 52.5 435 65.8 46.5 47.2 68.5 51.5 31.8 53.0 614 |
50M 8.7G 83.6 224
B 297G P 294 Swin-T-PolaFormer|Meng et al.[(2025) | 448  67.6 491 405 641 435 - - - - - -
oM 743G 853 24 Agent-PVT-L Han et al.|(2024¢] 469 692 514 428 66.2 46.2 - - - - - -
SN G 813 T SOFT++-Large|Lu ct al. ) 470 683 517 422 652 454 | 470 678 504 302 509 620
64M 111G 841 224 | LaplacianFormcr—Largc 48.2 70.5 53.0 43.8 67.1 474 48.5 69.3 524 32.6 52.3 63.8 |
10~14G 90M 137G 843 224 '
82.5M 159G 84.7 224
35M 69G 83.6 224
63.1IM 112G 85.6 224
3M 182G 320 ik
95M 15.6G 853 224
>14G 96M 16.2G 85.3 224

- l
|Lap]ac1anF0rmcr— Hu e 78.5M 15.5G 85.8 224
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Relative Error (log scale)
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Condition Number = 10
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Condition Number = 50
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== Conjugate Gradient
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Conclusion

Laplacian is a better kernel choice than Gaussian for linear attention
Injective representation improves expressiveness
Efficient approximation and CUDA implementation make deployment practical
Limitations & Future Works.
O Developing learnable or adaptive kernel functions.
O Exploring task-specific kernel parameterization.
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Thank you!

The Fourteenth International Conference on Learning Representations
Rio de Janeiro, Brazil
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