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Copula models of dependence
Now assume that xj, xp are not independent. We then have:
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Copula models of dependence

Now assume that xj, x2 are not independent. We then have:

f(Xl,XQ) = fl(Xl) ¥ f2(X2) . C(Xl,Xz)

y (Normal)

75 100 125
x (Gamma)



Copula models of dependence

Sklar’s Theorem:
Any continuous joint density can always be uniquely decomposed into:

p(x) =[] {p'(z")}

1=1 v
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Forget and Remember Dependence

Goal 1. Only forget dependence but is always a valid copula

Goal 2. Remember forgotten dependencies to learn the copula.
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CDC: Classification-Diffusion Copula

Map copula data to Gaussian scale
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CDC: Classification-Diffusion Copula

Map copula data to Gaussian scale
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Map copula data to Gaussian scale

Apply Ornstein-Uhlenbeck dZt = —Z¢ dt —+ \/§ dBt
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CDC: Classification-Diffusion Copula

Map copula data to Gaussian scale

Apply Ornstein-Uhlenbeck

v Goal1

The copula scale u! = ®(z!) is always uniform.
The copula converges to independence.
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CDC: Classification-Diffusion Copula

Classify time based on dependence level:
cic(z) = (P(t =Ty|z = 2),...,P(t = Ty|z = 2))
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CDC: Classification-Diffusion Copula

Copula Likelihood: (1)

Pt ="1Ti|z = z) P(t =1Tk|z = 2)
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CDC: Classification-Diffusion Copula
¢ (u))
¢~ (u))

P(t — T1|Z
P(t — Tk|Z
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CDC: Classification-Diffusion Copula

Score-based V. looc (u) _
copula sampling 5 Cs
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CDC: Classification-Diffusion Copula

i logP(t =T,z = & 1(u
Score-based - Vo log cs(u) = Va, g ( | . ( ))
copula sampling logIP(t = Ti|z = cp—l(fu,))

0.45

' 0.15
0.30

0.10
0.15

[ 0.05




CDC: Classification-Diffusion Copula
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Reflection Copula

Augment data into sample-velocity pairs (Ut, t), with

Velocity space
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Reflection Copula

Augment data into sample-velocity pairs (ut, t), with Vg ~~ N(O, Id).

Let U+ reflect and bounce in [0,1]9.

Velocity space Reflected to copula on [0, 119
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Reflection Copula

Reflected marginals stay uniform u} ~ U(0, 1).
Copula converges to independence.

v Goal 1

Velocity space Reflected to copula on [0, 119
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Reflection Copula
Train a velocity prediction model: Vg* ('th) — E[ t|11t = U]

| d .
Start from independence uy ~ ¢p(uy) and follow aut = v"(w.t)

inreverseto 7 — 0.Then ugy ~ c(u).
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Results

 CDC produces direct likelihoods and does score-based sampling.
* Reflection copula produces fast copula samples.
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 CDC produces direct likelihoods and does score-based sampling.

* Reflection copula produces fast copula samples.

New SOTA copula models in sampling and density

Magic (n = 19020,d = 10)

Dry Bean (n = 13611, d = 16)

Robocup (n = 135607, d = 20)

Model LL 1 w2 | Frob | LL 7 w2 | Frob | LL 1 w2 | Frob |
Gaussian 3.9210.06 1.76+0.02 0.27+0.06 40.09+0.29 1.5740.02 0.40+0.04 0.2210.00 3.96+0.01 0.45:0.03
Vine 6.59+0.07 1.4410.01 0.30+0.05 32.7540.14 1.35+0.03 0.95+0.07 1.80+0.00 3.9610.01 0.60+0.04
Ratio 6.7610.38 2.26+0.79 1.2410.76 48.2140.89 2.5440.27 2.2540.55 2.304+0.33 3.93+0.08 0.59+0.05
IGC - 1.69+0.04 1.24 1920 — 1.66+0.01 2.31+0.02 — 4.1340.02 2.8540.12
Cqc (ours) 18.65+:485 1.33:003 0.211005 | 50.211982 1.124003 0.35:008 | 3.401037 3.8710.03 0.51:0.02
Reflection (ours) — 1.34:003 0.2840.07 — 1.3541008 0.47+0.16 — 3.841003 0.4940.02




Results

CDC produces direct likelihoods and does score-based sampling.
Reflection copula produces fast copula samples.

New SOTA copula models in sampling and density

Model Magic (n = 19020,d = 10) Dry_Bean (n = 13611,d = 16) Robocup (n = 135607, d = 20)
LL 7 w2 | Frob | LL 7 w2 ] Frob | LL 7 w2 | Frob |
Gaussian 3.9210.06 1.76+0.02 0.27+0.06 40.09+0.29 1.57+0.02 0.40+0.04 0.229.00 3.96+0.01 0.45+0.03
Vine 6.59+0.07 1444001 0.30+0.05 32.754+0.14 1.3540.03  0.95+0.07 | 1.80+0.00 3.9640.01  0.60+0.04
Ratio 6.76+0.38 2264079 1.2440.76 48.2119.89 25441027 2254055 | 2301033  3.931008  0.59+0.05
IGC - 1.69+0.04 1.2410.00 — 1.664.0.01 2.3140.02 — 41341002 2.854+0.12
Cqc (ours) 18.65+:485 1.33:003 0.211005 | 50.211982 1.124003 0.35:008 | 3.401037 3.8710.03 0.51:0.02
Reflection (ours) — 1.34:003 0.2840.07 — 1.3541008 0.47+0.16 — 3.841003 0.4940.02

First copulas to scale to 1000+ dimensions.

digits (n =1797,d = 64) MNIST (n = 60000,d = 784) Cifar (n = 10000,d = 1024)

Model LL 7T w2 | FID | LL T w2 | FID | LL T w2 | FID |
Gaussian 10.7410.13 8.1340.02 0.7 1071 115.8440.14 35.594+0.03 102.5642.61 1258.4045 69 30.6240.08 140.1245 41
Vine 11.204086  8.20+0.01  6.0640.73 198.10+0.40 36.3040.05  86.4842 .82 NaN 33.8410.15  100.0442 52
Ratio 13.2945 75 8.42.40.42 6.0410.97 334.42.4 45 01 35.984038  66.56417.76 1348.18.412.31 49.9141920 1344143399
IGC - 9524015 25414435 - 36.3740.14 128.874531 - 33.0940.30 269.68.45.03
Cdf: (OUI'S) 13.80:1:1,30 6.97:}:0,03 15.24:&(],92 346.70:|:2_52 33.64:&0,03 7.38:|:[]_19 1470.75:}:24,90 28.67:|:[]_50 80.51:|:17_32
Reflection (ours) — 7.8610.07 5.5041 .36 — 35.02.10.40 9.1310.90 — 324042 08 42143 23




Results

First copulas to scale to images.
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Conclusion

* Developed better copulas for high-d and complex data.

Paper and
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Conclusion

* Developed better copulas for high-d and complex data.
* Formalised a forget-and-remember paradigm for copula models.
 CDC for likelihoods, Reflection copula for sampling.

* Achieve a new SOTA in copula modelling.
Paper and

Drop by Poster session 4 on Friday, April 24! more! ‘

Happy chat & collaborate.
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