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Key Contributions Evidence Strength Predicts Pattern-Matching Success Theorem 6.1 (Tight Sample Complexity for 2-Hop Task)
| . o For a 2-Hop task with token set size n and an ii.d. train data of size |D| = Ny, a learner
- We formalize pattern matching as functional-equivalence-based Stronger evidence = faster & more reliable generalization! generalizing within k-coverage achieves perfect ID generalization w.h.p. if
- . : : 100 | 1.0 [ : _ 0.5
generallzah.on with a pre.ose, testable boune!a.ry. " T L . Ne > O (nf)  with ¢=2.5- 82
- We proye t._'ght data scaling IaV\,’ﬁ : 2-th training data for complete |D g 6o D §°-6' o Conversely (k > 2), it cannot for some 2-Hop task if n? < Nir < Q (n6). (We omit polylog(n).
generalization grows as N, = O(n¢) with exponent 2.0 < ¢ < 2.5, which N oIk g oa Bl - /
robustly holds across 20x model scaling and architectures. . DS NS s S Proof Sketch of Upper Bound (Lower bound proof is similar)
—e— 1k € 2K+
= We identify path ambiguity as a structural barrier: when a variable o inn s se S —— Sol = == wm - . (21, x2) I (intermediate states); (b, z3) A y € (outputs). (2-Hop task)
i ; . - : k k-cutoff o o
influences qutput Via mglhple paths, models fail to form unified % of ID test data inside k-coverage Test accuracy by k-cutoff: Step 1. Rgduce to.graph connectivity |
representations, even with Cor. vs. k and dataset size N. Out-of-coverage (k=0) stays at chance. For each intermediate state b, define the b-evidence graph G, = (V},, Ep):

— -1 _ XY
Representation Clusters Drive Pattern Matching Vo= f1 ({b}) C X1 x A5 W =X,

our Formalization of Pattern Matching & s TN
Layer 8 I I - - T3
Key Insight: Functional Equivalence Layer 7 B 0.4 2 21 : 21 s xh
Layer 6 ¢ \::::":::::_
If two input fragments consistently produce the same output in all shared contexts observed Layer 5 %3 o 2 21 21 K """"":--:;;:::::_—-_—-_j-_’-_‘-_’-_-_-_-_-_-_-_:-_-_-_-.-_:::=—~=- 1
during training, a learner can substitute one for the other to predict unseen combinations. raverd 0.2 TN I T _ v, | :
Layer 3 E N 0 o s 01 & -, s ) L. --- 1 a pair observed in D
Definition: Functional k-Equivalence Laver2 s s 2 2 2 . . .
, e - : : : : : Layer 1 oo 2 2 2 Key Lemma: If G} is connected (Vb), then Covery(D) covers all in-domain data. (proof omitted.)
Two input subsequences a, a’ at positions I are functionally k-equivalent in D if there exist OXl ’;(2 X33 X1kX23X3 X1kX23X3 Xlkxzoﬁ‘ 50 -25 00 25  -50 -25 00 25  -50 -25 00 25 .
. " : <k< = > = <k< > — , . . .
> k contexts b (at the remaining positions I¢) such that both (a, ) and (a’,b) appear in D and oG T2 0 Iljiig?]er o :>k5t?onger Clusteringk 0 = We want Pr [3b: disconnected Gy small. (randomness: from i.i.d. sampling of D.)
. ) o / . . n ra. n er‘- . i .
L always yield the same output: f(a,b) = f(a’,b). ) Quantifies clustering by intermediate state b. Out-of-coverage: no clustering. Step 2. Apply Poissonization [Kacas, Alds9, Johog] for graph independence
Definition: k-Coverag (< Boundaryof Pattern Matching) . Data Scaling Law: Empirical Confirmation Under i.i.d. sampling, G}'s are dependent across b. - (#{(azl,xg,xg)ne D}) ~ Multinomial( Ny ; p = =5).
The k-coverage of D is the set of all inputs reachable from observed data through chains of = We break this dependency by replacing #{(x1, x2, 3) € D} e Poisson((Nyr — £)/n3).

functionally k-equivalent substitutions in the substitution graph. . . ( . ,
5.75 - = Using monotonicity of ‘graph disconnectedness, we can prove:
6.0
N 2
Functional Equivalence Observation Substitution Graph >0 Pr |3b: disconnected Gp) < E Pr [G} is disconnected] + e~ © /(2Nw),
Coverage """"""""""""""""""""""""""""" R S ~ 5 75 Multinomial b Poisson
f2 | : I : : > > 5.00 i Step 3. Identify random k-intersection graphs (k-RIG) [sin95, zvG14]
fi ; (T1, Ta, T3) (71,72, %3) | (21,22, 73) (71,73, T3) | 2yl o e 2-Hop 1.5B (c=2.28) . o o | N .
e e — ' ' | —e— 3-Hop (c =2.58) 475 —i— 2-Hop 96M (c=2.26) Under Poissonization, 1{(z1, z2, z3) € D} ~ Bernoulli(p) with p = 1 — e~ Wu=8)/7" &~ Ny, /03,
| | —8— Parallel-2-Hop (c =2.43) —u— 2-Hop 68M (c=2.13)
fi . | (@, 3h, ) (@), 7h, ) |(af,7h,af) (af,xf,w5) = 2Hop (c=220 —4= Mamba (c=2.00) * Each Gy, becomes a binomial k-RIG G\¥)(ny, m, p), with ny, = [Vj| &~ n and m = || = n.
| i 17 18 19 | 2(:|0X|) 21 22 23 17 18 19 | Z(IIOXI) 21 22 23 = Apply the connectivity threshold [Sin95, ZYG14]: for m = Q(ny) and k > 2,
------------------------------------------------------------------------------- | 0g 0og
0.5
Our theory explains the empirical 2-Hop Exponents invariant across 20 x model scaling and Kl(2Inng) Y F 1 L
. . - : > : b e = Pr (k) ny, M is disconnected| — 0 as np — o0.
Expenmenta[ Setup: Four Task Structures exponent ¢=2.26; Deeper structures scale steeper. architectures = a data property, not capacity! p= np Jm Poiceon [g (np, m, p) } b
. . . . ' ~ 3 ~ '
@ Path Amblgulty in ‘Non-Tree' Task & Chaln-of-Thought \\/\/e conclude the proof by plugging p =~ N¢/n° and ny, = n, and solving for Ny,. )
: Layer 8 0.5 Discussion & Practical Implications
i : @ 1.04 —®— 2-Hop Layer 7 0.4 . . ‘ . | |
—e— Non-tree Laver 6 = Long-tail: Low-frequency combinations receive low k = effectively outside coverage
2 3 i . ) . . . . « . )
a 09 Layer 5 0.3 = Reversal curse: “Ais B” gives no functional equivalence evidence for “B is A
©
e G @ 6 5067 Layer 4 E 11CG = Planning: Multi-path state tracking encounters path ambiguity
O . - I
A 0.4 Layer 3 0.2 = Future work: Data augmentation to “maximize k-coverage” by diversifying shared contexts
E) ) ) @)) ()@ @) E)E) () () (o) Layer 2 O References
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CoTl “flattens” multi-hop (improving scaling laws) but does not fully resolve path ambiguity.
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