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▪ Motivation

▪ Problem formulation

▪ Method: Combinatorial Rising Upper Confidence Bound (CRUCB)

▪ Regret analysis

▪ Experiment 
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▪ Online combinatorial learning involves a sequential selection of a combination of actions

Foundation: Online combinatorial learning

Hierarchical reinforcement learning

(Robotics) 

Social advertisement Worker selection 

in crowdsourcing

Agent

Environment

High-level policy

Low-level policy

Subgoal
(e.g., local target)

Action
(e.g., actuator control)

State

Set of subgoals Set of seeds Set of workers
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Observation: Reward rises with repetitive practice

N times practices

Agent

Environment

High-level policy

Low-level policy

Subgoal
(e.g., local target)

Action
(e.g., actuator control)

State

▪ Robotics: The more a robot practices, the more skilled it becomes
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▪ Problem: Existing combinatorial bandit frameworks assume stationary rewards → They 
cannot model this rising behavior

▪ Therefore, we formulate Combinatorial Rising Bandits (CRB), a new framework that 
combines combinatorial action selection with rising rewards

Proposed Framework: Combinatorial Rising Bandit
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▪ A super arm 𝑆𝑡 ∈ 𝒮 ⊂ 2[𝐾] = a combination of base arms
▪ Each base arm 𝑖 associated with a rising reward function 𝜇𝑖: 𝑇 ↦ [0,1] such that

Reward slope 𝛾𝑖 𝑛 ≔ 𝜇𝑖 𝑛 + 1 − 𝜇𝑖 𝑛 ≥ 0

Problem formulation

Arm 
1

Arm 
2

Arm 
𝐾⋯

⋯

𝐾 base arms

Arm 
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Super arm 1

Arm 
1

Arm 
3

Super arm 2

Arm 
𝐾

Super arm 𝒮
𝒮: Set of super arms
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▪ A super arm 𝑆𝑡 ∈ 𝒮 ⊂ 2[𝐾] = a combination of base arms
▪ Each base arm 𝑖 associated with a rising reward function 𝜇𝑖: 𝑇 ↦ [0,1] such that

Reward slope 𝛾𝑖 𝑛 ≔ 𝜇𝑖 𝑛 + 1 − 𝜇𝑖 𝑛 ≥ 0

Problem formulation
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▪ A super arm 𝑆𝑡 ∈ 𝒮 ⊂ 2[𝐾] = a combination of base arms
▪ Each base arm 𝑖 associated with a rising reward function 𝜇𝑖: 𝑇 ↦ [0,1] such that

Reward slope 𝛾𝑖 𝑛 ≔ 𝜇𝑖 𝑛 + 1 − 𝜇𝑖 𝑛 ≥ 0
▪ For each 𝑡 ∈ 𝑇 :

1. Agent chooses a super arm 𝑆𝑡
2. Agent observes reward 𝑋𝑆𝑡 𝑡 and outcome 𝑋𝑖 𝑡 for each base arm 𝑖 ∈ 𝑆𝑡

Problem formulation

Agent
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▪ A super arm 𝑆𝑡 ∈ 𝒮 ⊂ 2[𝐾] = a combination of base arms
▪ Each base arm 𝑖 associated with a rising reward function 𝜇𝑖: 𝑇 ↦ [0,1] such that

Reward slope 𝛾𝑖 𝑛 ≔ 𝜇𝑖 𝑛 + 1 − 𝜇𝑖 𝑛 ≥ 0
▪ For each 𝑡 ∈ 𝑇 :

1. Agent chooses a super arm 𝑆𝑡
2. Agent observes reward 𝑋𝑆𝑡 𝑡 and outcome 𝑋𝑖 𝑡 for each base arm 𝑖 ∈ 𝑆𝑡

Problem formulation

2. Agent observes reward & outcomes

Agent

Arm 
𝑖1

Arm 
𝑖2

Super arm 𝑆𝑡

Arm 
𝑖3

Outcome 𝑋𝑖(t)s

Reward 𝑋𝑆𝑡 𝑡
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▪ We aim to design a policy 𝜋 to minimize regret 𝑅𝝁 𝜋, 𝑇 :

𝑅𝝁 𝜋, 𝑇 ≔ 𝔼𝑆𝑡~𝜋∗ ෍

𝑡∈ 𝑇

𝑋𝑆𝑡 𝑡 − 𝔼𝑆𝑡~𝜋 ෍

𝑡∈ 𝑇

𝑋𝑆𝑡 𝑡

▪ To minimize regret, policy 𝜋 should behave similarly to the optimal policy 𝜋∗

Regret minimization

Reward of optimal policy 𝜋∗ Reward of given policy 𝜋
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▪ Step 1: Predict future reward for each base arm
▪ For each base arm 𝑖 ∈ 𝐾 , CRUCB estimates the recent mean and slope

Algorithm: Combinatorial Rising Upper Confidence Bound

Ƹ𝜇𝑖 𝑡 ≔
1

ℎ𝑖
෍

𝑙=𝑁𝑖,𝑡−1−ℎ+1

𝑁𝑖,𝑡−1

𝑋𝑖 𝑙 + 𝑡 − 𝑙
𝑋𝑖 𝑙 − 𝑋𝑖 𝑙 − ℎ𝑖

ℎ𝑖

𝑡

Expected 

reward

Time𝑁𝑖,𝑡

Ƹ𝜇𝑖 𝑡

SlopeRecent 

mean
Sliding 

window
ℎ𝑖
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▪ Step 1: Predict future reward for each base arm
▪ For each base arm 𝑖 ∈ 𝐾 , CRUCB estimates the recent mean and slope

▪ With confidence interval, CRUCB estimates each base arm by ƴ𝜇𝑖 𝑡

Algorithm: Combinatorial Rising Upper Confidence Bound

Ƹ𝜇𝑖 𝑡 ≔
1

ℎ𝑖
෍

𝑙=𝑁𝑖,𝑡−1−ℎ+1

𝑁𝑖,𝑡−1

𝑋𝑖 𝑙 + 𝑡 − 𝑙
𝑋𝑖 𝑙 − 𝑋𝑖 𝑙 − ℎ𝑖

ℎ𝑖

𝑡

Expected 

reward

Time𝑁𝑖,𝑡

Ƹ𝜇𝑖 𝑡

ℎ𝑖

ƴ𝜇𝑖 𝑡 ≔ Ƹ𝜇𝑖 𝑡 + 𝛽𝑖 𝑡

ƴ𝜇𝑖 𝑡

𝛽𝑖 𝑡 ≔ 𝜎 𝑡 − 𝑁𝑖,𝑡 + ℎ𝑖 − 1
10log𝑡3

ℎ𝑖
3
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▪ Step 2: Select the best combination based on the estimated future UCB
▪ Solver is a task-specific algorithm

Algorithm: Combinatorial Rising Upper Confidence Bound
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▪ General regret lower bound of CRB is given as follows:

▪ It means that without any constraints, CRB is impossible to learn

Regret lower bound of CRB without any constraints

Theorem 1. (Informal) The regret lower bound of CRB is given as:
max
𝝁

𝑅𝝁 𝜋, 𝑇 ≥ Ω 𝑇
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▪ To abstract problem instance, we consider curvature constant 𝑐
𝛾𝑖 𝑛 ≤ 𝑛 + 1 −𝑐 ∀𝑖 ∈ 𝐾

Problem abstraction with curvature constant

Fast converge (larger 𝑐) 

Slow converge (smaller 𝑐) 

Selection counts

Expected 

Reward
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▪ For a given curvature constant 𝑐, the regret lower bound of CRB is given as:

▪ For a large 𝑐 (fast converge), the lower bound is about Ω(T1/2)
▪ For a small 𝑐 (slower converge), the lower bound is about Ω 𝑇

(i.e., impossible to solve)

Regret lower bound of CRUCB with constant

Theorem 2. (Informal) For a given curvature constant 𝑐,
any policy 𝜋 for CRB suffers:

max
𝝁

𝑅𝝁 𝜋, 𝑇 ≥ Ω max 𝑇1/2, 𝑇2−𝑐
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▪ The regret upper bound of CRUCB is given as follows:

Regret upper bound of CRUCB

Theorem 3. (Informal) the regret upper bound of CRUCB is given as:

𝑅𝝁 𝐶𝑅𝑈𝐶𝐵, 𝑇 ≤ ෨𝑂 max 𝑇𝑞Υ𝝁 𝑇, 𝑞 , 𝑇
2
3 ,

where 𝑞 ∈ 0,1 is a fixed constant

Υ𝝁 𝑇, 𝑞 ≔෍
𝑙∈[𝑇−1]

max
𝑖∈ 𝐾

𝛾𝑖 𝑙
𝑞
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▪ Combining Thm 1~3, we show that CRUCB is nearly optimal,
i.e., CRUCB is provably efficient

▪ We remark that CRUCB does not require the information of 𝒄

Summary: CRUCB is provably efficient

Lower bound 
෩O max 𝑇1/2, 𝑇2−𝑐

Upper bound 
෩O max 𝑇2/3, 𝑇 Τ1 𝑐

log bound

log 𝑇
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Experiment: Ant-maze

▪ Ant-maze (Hierarchical reinforcement learning)
▪ Objective: finding the shortest path to goal

▪ Base arm: each edge in graph

▪ Super arm: Simple path from start to goal

▪ Reward: Propositional to efficiency
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Experiment results
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Experiment results
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▪ We formulate Combinatorial Rising Bandits (CRB), a new framework that 
captures rising rewards in combinatorial action selection

▪ We propose CRUCB, a provably efficient algorithm that does not require 
knowledge of the curvature constant 

▪ We establish matching upper and lower bounds, showing CRUCB is near-
optimal

▪ Experiments on Ant-maze validate that CRUCB outperforms existing 
baselines

Conclusion
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Thank you for listening!
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