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Motivation

" Many practical systems are described as dynamic
networked systems, e.g. biological systems,
electronic circuits, geographical systems, chemical
reaction networks.
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" Time-domain (TD) based causal discovery methods
are computationally intensive.

o TD methods often involve estimating unrolled
DAGs followed by rolling back which increases
computational resource requirement.

o TD estimation of filters required for conditional
independence test is computationally
expensive.
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Problem Statement
" Linear Dynamic Influence Model (LDIM, (H, £)):
Network of dynamic systems expressed as X(w) =
H(w)X(w) + E(w) with,
O X(w): Fourier transform of n X 1 vector of
measured timeseries x(t),

Example:
X (W) [0 0 0 011X ()1 [E1(w)T O H(w): n X n transfer matrix,
Xp(@)| 10 0 0 01X2(w)| [E2(w) O E(w): Fourier transform of n X 1 vector of wide-
Xz(w)|  |Hsq 0 0 T Es(w) sense stationary inputs with diagonal power
X4(w)l L O 0] E4(w)] spectral density, @cc(w).
" Generative Graph: Directed graph G = (V, E) is
R generative graph associated with LDIM (H, £) if E =
G:

{(X;, Xj)|H;; # 0}

"  Problem Statement:

o Given timeseries measurements x(t) from LDIM.

o Evaluate computational complexity of TD vs FD
based causal discovery.

o Develop efficient causal discovery algorithms.

= Materassi, Donatello, and Murti V. Salapaka. "Signal selection for estimation and identification in networks of dynamic systems: A graphical model approach." IEEE Transactions on Automatic 4
Control 65, no. 10 (2019): 4138-4153.



Preliminaries and Wiener Filter Based Causal Discovery

» Given directed graph G = (V, 5) For disjoint X,Y,Z c V, dsep(X,Z,Y) holds if at least one of following
hold for all paths between x and y forevery x € X, y €Y.
o The path has a non-collider p € Z.
o If q is a collider in the path, then neither g nor any of its descendants belong to Z.

"  For JWSS processes x(+), and y(-) = [y1(*) y,() ...y,(-)], the minimum mean square estimate of x(-) from
y(+) is given in terms of the Wiener filter as
Y; (w)

)

Xy (@) = Wy y (@)Y (@) = [Wey [y1](w) ... Wy, [yn] ()]

Yy (w)
where W, ,,(w) = Cbxy(a))d>3,_3,1 (w) with @,,,(w) being the cross power spectral density of x(-) and y(-).

= For LDIM: W, 1, 71 [x](w) = 0 < dsep(x,Z,y) in corresponding generative graph.

=  Faithfulness assumption: W, 1, 71 [x](w) = 0 = dsep(x,Z,y).

= Spirtes, Peter, Clark N. Glymour, and Richard Scheines. Causation, prediction, and search. MIT press, 2000.
" Materassi, Donatello, and Murti V. Salapaka. "Signal selection for estimation and identification in networks of dynamic systems: A graphical model approach." IEEE Transactions on Automatic 5
Control 65, no. 10 (2019): 4138-4153.



TD vs FD Estimation of Wiener Filters

= Given {x(t)}[_,, TD estimate, ng.TC,L) (w), of W, -(w) obtained by

. . 1 . .
o pri=marg  min ol = yeBlE, where i €V,C = ey, om} € VNIhxi = Da(T = 1) . xi(D]T

e Wg_TC’L) (w)=Y%__; Wi(_YCT’L) (k)e ¥k where Wi(_g’L) is rearrangement of [ into (2L + 1) X m.
Here,
X1 (T) X1(T—1) .. x.4(T—2L) Xem (T) we Xem(T — 2L)
g o [T =D (T =2 o (T =2L=1) o Xen(T =1 o Xem(T=2L=1)
a(@)  xa@L-1 . 2 (0)  Xem@D) . Xen(0)

= Complexity of computing TD least square estimate is O(TmZLZ).

" FD estimate, WEQ (wg), of Wjc(wy) obtained by Vl/i(g) (wy) = arg 3mil%l g 1C; (wy) — Xc(wi) L5, where
' ' eC

Wy = %,N = 2% a € N, and X;(wy) and X-(wy) are FFT of data.

= Complexity of estimating FD estimate is O(Tnl2 log N).

L2
log N

= FD approach provides O ( ) improvement over TD.



Proposed Algorithms

Wiener-PC Algorithm

Input: Data X' (w), w, € Qy,q.
Output: G.

1.

2.

Initialize the sets, § «— fully connected undirected edge set,

Col «— {},DS — {}, Eese — ().
Fori=1,..,n
a) Forj=1,..,n,andj <i
i.  Initialize D «— V\{i,j}
ii. Fork=0,..,q—1
% For z in combinations(D, k)
" If |Wi.[j,Z]U](wk)| <7
o DS(i,j)—z
o  Delete (i,j) from §
o  break
. If |z| = g — 1, then DS(i,j) «— —1
For (i,j) eV xVandi<j
a) If{i,j} €S, then E 5 (i,j) «— 1 and E 5 (i,)) «— —1
For (i,j) eV xVandi<j
a) Fork=j+1,..,n
i. If{ik}eSand{i,j}eSandi ¢ {j,k}
% IfDS(j,k)>—1andi & DC(j, k)
. Col «— Col U {i}
- Eest(j: i)—0
- Eese(k,i) <0
For (i,j) eV xV
a) If(i,j) € Eost and (j, i) € Epgt

% Fix the orientation of as many possible such that
there are no directed cycles or new colliders.

Return G = (V, Epq)

Wiener-Phase Algorithm

Input: Data X' (w), wy € Qy,.
Output: G.
1.  Initialize the ordering, S «—()
2. Fori=1,..,n
a) Compute Wl(if )(a)k)
b) Forj=1,..,n
i. If|l/|/l._(if)[j](a)k)| > 1, then X «— K U {i, ]}
i, I|S{WL L0} > thens — s U (i)}
Compute SP = K\§
4. For{i,j} € SP
a) Fork=1,..,n
i. If{ik}eSand{j,jles
X Cl] — Cl] U {k}
b) If |Cl-j| =1, then Col «— Col U {k}
c) Else: for ¢ € C;; compute W;;c)(wy)
i If |Wi.[j,Z] [j] (a)k)| > 7 then Col « Col U {c}
5. Return G = (V, E,q)

«

Complexity of TD Wiener-PC is 0(an+3L2)

Complexity of FD Wiener-PC is 0(an+3 log N)

Complexity of Wiener-Phase is O (n3 (T log N + qz))
Weiener-Phase is most efficient followed by FD and TD Wiener-PC.

Wiener-Phase algorithm uses phase property of FD Wiener filters.

o  TD WF has no such property to be exploited. .



Experimental Results: TD vs FD
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Proposed algorithms are compared on synthetic data
generated using 25 random DAG:s.

Data generative model:

x;(t) + a;(Dx;(t — 1) + a;(2)x;(t — 2)
+a;(3)x;(t —3) = z bijxi(t — 1) + e;(¢),

JE!
Here, ei(t)~]\f(0,1), bLJ~U(02,O4)
FD Wiener-PC is best in terms of accuracy and
robustness.

Wiener-Phase is the fastest algorithm among the three.

TD Wiener-PC is out performed by both of the FD
algorithms in terms of accuracy and efficiency.



Comparison with Baselines and Application to Circuits
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=  Baselines are Fisher-Z based PC, CD-
NOD, Granger Causality, and Time
Aware PC.

= Comparison with baselines using a
20 nodes synthetic dataset, real-

world river-runoff data, physical
hardware based MOSFET and BJT
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