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The Problem in Hand

fo:®—=Y Inputs maps to
: . . “spatial/temporal
Learn this map: Y9(¢(Z)) € R™ probabilistic predictions”

ﬁ(qb(i)) ~ Yy (qﬁ(ij) Predicted random variable

Seems simple and straightforward?
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What if | want some constraints on my predictions?

fo:® =Y Inputs maps to

(i) - “spatial/temporal
Yo(¢'") €R probabilistic predictions”

P

'&((b(i)) ~ Yo(o®) Predicted random variable




Regularization: Standard Trick

 Soft constraints or

Regularization only -
“encourage” the solution to i ¥ |
satisfy the constraints o P2 - - 4y
(a) B =m_1.0 (b) B =l01.0.0 (©) 8 =20.0 (d) g =m30.0 (e) B = 040.0
 Requires hyper-parameter N S — TR —O——V——!
t . Relative error | 7.84 x 102 | 1.08 x 1072 | 7.50 x 10~! | 8.97 x 10~* | 9.61 x 10~*
unlng Absolute error | 3.17 x 107 | 6.03 x 107° | 4.32x 10" | 542 x 10~ | 5.82 x 10~

Figure 3: Loss landscapes for varying values of (3, for the 1D convection example in §3.1. The loss
landscape is more smooth at low (3, and it becomes increasingly more complex as (3 increases, which

d I m po sSe CO nfllctl ) g t raini ng can make the optimization problem more difficult. In particular, at higher 3, the optimizer gets stuck in
. o a certain regime. These results support that adding the PDE soft regularization term results in a more
(o) bj e Ct ivesS complex optimization loss landscape.

* A core problem in Physics-
based ML

Krishnapriyan, A., Gholami, A., Zhe, S., Kirby, R., & Mahoney, M. W. (2021). Characterizing possible failure modes in
physics-informed neural networks. Advances in neural information processing systems, 34, 26548-26560.
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What we need is Hard Constraints

Given a map Data Distribution
fg DY Inputs maps to
“probabilistic
Yo () € R™ predictions”

ﬁ(gb(i)) ~ Yy (¢(i5) Predicted random variable

The distribution should Constraint Manifold
strictly obey some known
constraints
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Why are Hard constraints “hard”?

Previous methods known to have limitations.

_—/ \\

Domain Specific Simple Constraints Point Estimates Post-hoc correctior
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Introducing ProbHardE2E

A Novel Probabilistic Framework to impose Hard Constraints

// B N\

User-Specified |
Constraints

h(u) =0,
g(u) <0

| (¢, uy ~ D og o . o
o Differentiable Probabilistic V P ro b a b I ll St I c by D es I g n

Projection Layer (DPPL)

o l;nr::;b“is'tic /A (¢(i)) Y (¢(z‘)) CRPS Loss Computation V N o n li n e a r co n St rai nts
(#9,)~D Jol-+€) : ) : : . " . .
ooy it | PPN g T 030 o Domain Agnostic
« Efficient Sampling Free
(Corrector)

@ Training

| Projection |
Matrix

End-to-end training
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Key ldea: Predict the distribution, Project the
distribution

D IROIN M
Probabilistic (0) R
Model Zo(9'") ‘> >
((qb(i), )~ D}——» N
fo(-, &) Unconstrained
Random Variable V(1)

M, g

Data

sample A ”backbone Prediction:

) Project the
probabilistic model = Mean and variance

distribution on the

constrained
E.g.: Gaussian manifold
Processes, Ensemble

NNs, DeepAR
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DPPL: Differentiable Probabilistic Projection Layer

layers to projecting distributions

* DPPL considers projection as a

pushforward measure & during training
It directly obtains mean and variance

of the projected distribution

differentiation

DPPL generalizes the idea of projection

Scalable backpropagation via implicit

Theorem 3.1. Let Z ~ F(u,X) be a random variable, where the underlying distribution F belongs to a
multivariate location-scale family of distributions, with mean p and covariance ¥; and let T be a function
with continuous first derivatives, such that Jr(u)XJr(u)' is symmetric positive semi-definite. Then, the
transformed distribution Y = T (Z) converges in distribution with first-order accuracy to F(ji, ) with mean
fi = T (1) and covariance & = Jr(u)SJ7 ()T, where Jr(p) = VT ()" denotes the Jacobian of T with
respect to z evaluated at p.
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DPPL with Different Constraint Types

Constraint Type Solution uv*(z) Solver Type Jacobian J

Linear Equality Po-1z+ (I — Py JATH closed-form Pg—1

Nonlinear Equality (u*, \*) s.t. R(u*,A\*;2) =0}  nonlinear  implicit differentiation

sensitivity analysis;

[ . A . 2
Convex Inequality argmin || — 2[5 convex opt. argmin differentiation

h(@)=0, g(@))<0

DPPL: Probabilistic learning +
Differentiable optimization
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Evaluation on PDEs with conservation laws

B No Sampling Bl With Sampling (100)

~u 154
|7 m— Trle ' w—True 1.75
06 X == ProbConserv +30 = VarianceNO +30
AN =&= ProbHardInf 30 1.0 ===t . EobConsery x30 1.50 1
=04 ProbHardE2E +30 C ProbHariE2E +30
g o @ 1.25 4
I i 0.5 \ £
3 3 0.0 fep—p—p— 5
o 0.75 4
0.0 1 My E
=051 0.50 -
046 048 050 052 054 056 058 055 060 065 070 075 0.80 0.25 -
X X
- - - 0.00 -
(b) Nonlinear Equality: PME (c) Convex Inequality: TVD Heat Advection

Empirically showcase the value of optimizing a proper-
scoring rule instead of likelihood in PDE datasets!
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Evaluation on Hierarchical Time-Series

Forecasting

60 ™M ProbHardE2E-or
m B ProbHardE2E-ob
"'550- mmm HierE2E
=}
ProbHardE2E not only achieves © 40
. Q
superior performance on £ 30
. 3 3 GJ
hierarchical datasets but is faster to S50
i | S
train as well! = 10
Labour Tourism Wiki Traffic Tourism-L
Time Series Dataset
Dataset | ProbHardE2E-Ob | ProbHardE2E-Or | ProbConserv | HierE2E | ARIMA-NaiveBU | ETS-NaiveBU | PERMBU-MINT | DeepVAR (base)
LABOUR | 36.1% 2.7 (0) | 28.6+6.5 (0) | 45.8+6.5(0) | 50.5+£20.6 (0) | 45.3 (0) | 432 (0) | 39.3 (0) | 38.2+4.5 (0.215)
TOURISM | 98.9+13.0 (0) | 82.4:+6.6 (0) | 100.7£7.7 (0) | 103.1£16.3 (0) | 113.8 (0) | 100.8 (0) | 77.1(0) | 92.5+2.2 (2818.01)
ToOURISM-L | 155.2+3.6 (0) | 156.4+9.4 (0) | 176.94+21.5 (0) | 161.34+10.9 (0) | 174.1 (0) | 169.0 (0) | - | 158.1410.2 (70000)
TRAFFIC | 55.0£10.6 (0) | 60.6£7.8 (0) | 71.0£3.9 (0) | 41.8+7.8 (0) | 80.8 (0) | 66.5 (0) | 67.7 (0) | 40.0+2.6 (0.192)
WIKI | 212.1+29.4 (0) | 215.8+16.9 (0) | 264.7+ 30.7 (0) | 216.5+26.7 (0) | 377.2 (0) | 467.3 (0) | 281.2 (0) | 229.44+15.8 (8398.6)
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Thank You!
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Our Algorithm in a Nutshell

“/User-Specified )
Constraints
h(u) =0, >
g(u) <0 i) (i )
) ‘ (¢<>,u())~17)
: Differentiable Probabilistic
Projection Layer (DPPL)
Base Probabilistic
0 Model Zg(gb(i)) Y6(¢(z‘)) CRPS Loss Computation
(¢,)~D fo(+,€) > ' >
£ > (@) . . > (1)) 4, (@
5 Unconstrained DPPL(Ze(4™), (), (")) Constrained E(Y”(d) ), u )
(Predictor) Random Variable Random Variable

( Projection |
Matrix

Q

> (Corrector)

)

End-to-end training
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Landscape of ML with Hard Constraints

Prob. . .
Mo;:?w / Sampling- Constraint
Method Domain Constraint Type End-to-End . free on
Variance Training Distribution
Estimate
HardNet [Min et.al] General Convex X
DC3 [Donti et. al] General Nonlinear X
Hier-E2E [Rangapuram et. al] Forecasting Linear X X
CLOVER [Olivares et al] Forecasting Linear X
PDE-CL [Négiar et al.] PDEs Nonlinear X -
ProbConserv [Hansen et al.] PDEs Linear X
HardC [Hansen et al.] PDEs Linear X
ProbHardE2E General Nonlinear
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Extra Slides
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Domain specific developments for hard
constraints

ANP SoftC-ANP HardC-ANP IProbConserv-ANP,
1.5-
1 ] — — — —
Total >3 05 - H i A ]
(0% 0 - [ e bbb [(S—r——r Ui
_0‘5 p
01 0203 010203 010203 010203
Region 1 Region 2 Region 3
as, as, ar, X - —-True solution
(a) Solution profile.
City 1 City 4 City 5 City 2 City 6 City 3
b, be, by, b, by, be,
ANP SoftC-ANP HardC-ANP ProbConserv-ANP
200
Hierarchical time-series 2 150- | | |
=] i | | |
o 100 | | |
oo | | |

Ensuring Stl"iCt adherence tO 06.'1 02 03 0.1 0.2 03 '011_ gfz 03 0.1 02 03
invariances to conservation laws shockpostion [ mueshack

(b) Posterior of the shock position.

PDEs with global
Rangapuram, Syama Sundar, et al. "End-to-end learning of coherent probabilistic forecasts for hierarchical time o
series." International Conference on Machine Learning. PMLR, 2021 conse rvat ion la WS
Hansen, Derek, et al. "Learning physical models thatcan respect conservation laws." International Conference on Machine
Learning. PMLR, 2023.
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Our Three “Prongs”

Modeling Framework

General abstractions on
modeling framework.

Theoretical similarities
between framework,
although domain specific
treatment of hard
constraints and UQ.

End-to-End

Hard Constraints

Replication of ideas of
E2E in time-series work
to PDEs.

Model agnostic adaption
in the training pipeline.

Shocks in the PDE
(Advection equations) is
empirically similar to
spikes in time-series
(Prime day sale forecasts)
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Regularization: Standard Trick

arg min E (4@ 4@y E(Yg((b(i)), u(i)) Training Objective
0€0, g(Yo(¢'"))<0, h(Yq(4?))=0

. : : 2 :
argminE 40,00 £(¥o(60),u) + Ay [ReLU(g(Yo(6)||, + A | (Yo (6)|
S

2 Regularized
2Training Objective

Is this sufficient to enforce strict constraint satisfaction?
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ML has come too far to provide domain-specific

[ ]
anlhiitfiArnne
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Experimental data loss
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Add & Norm

Masked Multi-head
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Positional encoding 9

Embeddings
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Large Language Models
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Key ldea: Predict the distribution, Project the

distribution
Base
Probabilistic :
. ) Model Z9(¢(z))
(qb("), ) ~D —> —>
p fo(+, &) Unconstrained
Random Variable

A ”backbone” Prediction:
Data sample probabilistic model Mean and

variance
E.g.: Gaussian

Processes, Ensemble
NNs, DeepAR

Unconstrained
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Generalizing Projecting Distribution on a
Manifold

u )
M) 1 IxM
I - . .
| x u* (zg(¢V)) := | arg min | g () — 29(¢)]|3,
80 (69)ER g (i16 (6)) <0, (0 (6))=0

Essentially, projecting every
drawn sample via
constrained optimization
formulation

V(1) M.g

This can be prohibitively expensive during
training and scales poorly with no. of
samples!
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DPPL for Location Scale Distributions

Z ~ F(p,%) - - Y ~ F(, %)
i f="T(p),
ds to be a location- 3
" acale distribution h(-) =0 2 = Jr(w)EI7(n)"-

(Gaussian, logistic,

student’s t, etc.) g() <0

Complete sampling free procedure!

amazon | science E



	Slide 1: End-to-end Probabilistic Framework for Learning with Hard Constraints
	Slide 2: Collaborators
	Slide 3: The Problem in Hand
	Slide 4: What if I want some constraints on my predictions?
	Slide 5: Regularization: Standard Trick
	Slide 6: What we need is Hard Constraints
	Slide 7: Why are Hard constraints “hard”?
	Slide 8: Introducing ProbHardE2E
	Slide 9: Key Idea: Predict the distribution, Project the distribution
	Slide 10: DPPL: Differentiable Probabilistic Projection Layer
	Slide 11: DPPL with Different Constraint Types
	Slide 12: Evaluation on  PDEs with conservation laws
	Slide 13: Evaluation on Hierarchical Time-Series Forecasting
	Slide 14: Thank You!
	Slide 15: Our Algorithm in a Nutshell
	Slide 16: Landscape of ML with Hard Constraints
	Slide 17: Extra Slides
	Slide 18: Domain specific developments for hard constraints
	Slide 19: Our Three “Prongs”
	Slide 20: Regularization: Standard Trick
	Slide 21: ML has come too far to provide domain-specific solutions..
	Slide 22: Key Idea: Predict the distribution, Project the distribution
	Slide 23: Generalizing Projecting Distribution on a Manifold
	Slide 24: DPPL for Location Scale Distributions

