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Beyond Uniformity: Regularizing Implicit Neural
Representations through a Lipschitz Lens
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Motivation

Implicit Neural Representations (INRs) have emerged as a promising, modality-agnostic modeling

framework for inverse problems.
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Notably, recent studies [1,2] have revealed that generalization and interpolation properties are often inferior
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to grid representations, which may be intuitively explained by the absence of implicit regularization [3].

— To mitigate this, we propose Lipschitz reqularization in the generalized K-Lipschitz setting.
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How is the total Lipschitz bound for a Neural Net derived?

1(W1)  02(Wa)  ¢3(W3)  da(Wy)

Total budget

Uniform allocation

Non-uniform allocation

(i) Lipschitz bounds induced by embeddings (e.g. Fourier Features)
(i) Lipschitz bounds induced by activation (e.g. SIREN)

(iii) Lipschitz bounds induced by maximum singular value of each layer’s weights
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1-Lipschitz INRs: Expressiveness and Lipschitz Capacity Utilization

CD:3.130 CD:0.404 CD:2.679
K :0.752 Km:0.809 Km:2.730

Spectral Norm Bjorck SLL NoNorm
CD:3.130 CD:1.086 CD:0.131 CD:0.127
Km:0.752 Km:0.881 Km:0.962 Km :0.957

RelLU FullSort MaxMin Householder

— The utilization of Lipschitz capacity (= 1 is ideal) depends on the effectiveness of gradient-perserving

activation functions (e.g. MaxMin, Householder) and spectral regularization methods (e.g. Bjorck and SLL).
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How to move from 1-Lipschitz to K-Lipschitz settings? Budget Estimation

Find strategies to estimate a reasonable, meaningful budget K for different tasks, such as deformable lung

registration, where we use (i) signal-theoretic or (ii) domain-driven estimates:

TRE (before): 10.89 + 6.96 TRE (after): 1.84 + 1.24

Clinical evidence suggests that a strain approaching two marks a threshold for tissue failure [5], motivating
our choice of K=2.
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How to move from 1-Lipschitz to K-Lipschitz settings? Budget Allocation

Derive allocation strategies to distribute K among activations, weights and embeddings, and ablate their

utility for different INR architectures.

Km n= 0.25 Kmm =0.50 K'mr =0.75 Kmm =1.00

Lipschitz Value

- 5 6 7 8 9 1 2 3 - 5 6 7 1 3 4 5 6 2 > 6
Component index Component index Component index Component index

Uniform Exponential Linear Cosine Annealed
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Effect of Budget Estimation vs Budget Allocation
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Effect of Budget Estimation

Uniform
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Key Takeaways
(1) 1-Lipschitz Setting:
- Choice of architecture is the main driver of reconstruction quality.

- In particular, the combination of normalization and activation function matters more than the budget

allocation strategy.

(2) K-Lipschitz Setting:
- Data driven estimation shows the importance of accurate budget estimation for inverse problems.
- For the same architecture and budget K, non-uniform allocation consistently outperforms uniform

allocation, making allocation strategy a strategic and important factor.

Future work will examine how we can make both, budget estimation and allocation, learnable.
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For more details, please checkout our page and code.



https://lipschitz-inrs.github.io/
https://github.com/jqmcginnis/lipschitz-inrs
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