
Expressive Power of Implicit Models: Richer Equilibria and
Test Time Scaling

Jialin Liua, Lisang Dingb, Stanley Osherb, Wotao Yinc

a University of Central Florida b UCLA c Alibaba U.S.

February 11, 2026

0Accepted by ICLR 2026.
1 / 23



Implicit Models

Standard machine-learning tasks: Given pairs of (x, y∗), find a map F with

y∗ = F(x)

Implicit models 1 : seeking an implicit representation such that

y∗ = G(y∗, x)

At inference, apply G repeatedly (weight-tied across all t):

y1 = G(y0, x), y2 = G(y1, x), · · · yt = G(yt−1, x), · · ·

and expect yt(x) → y∗(x) = F(x) for all x.

1[Bai et al., 2019, El Ghaoui et al., 2021]
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Applications in the Literature

• Inverse problems [Gilton et al., 2021]

• Computer vision [Wang et al., 2025b]

• Scientific computing [Marwah et al., 2023]

• Robotics and control [Oshin et al., 2024]

• Generative AI [Pokle et al., 2022, Geng et al., 2023]

• Visual reasoning [Bansal et al., 2022, Knutson et al., 2025]

• LLM reasoning [Geiping et al., 2025, Saunshi et al., 2025, Wang et al., 2025a]

and more.
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Empirical Observations (Advantages)

Explicit models vs implicit models for image deblurring:

Exp (×1) Exp (×4) Exp (×16) Exp (×32) Implicit
Params. 32.641 M 130.56 M 522.26 M 1044.5 M 32.641 M
PSNR 26.94 dB 28.35 dB 28.87 dB O/M 29.18 dB

• Deep implicit models can often match or even exceed the accuracy of larger
explicit networks by allocating more iterations.

• Similar trends appear throughout the implicit-model literature.
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A Motivative Question: Existence

Given any target map F : x 7→ y∗, does there always exist G such that
• y∗ = G(y∗, x) for all x,
• and yt(x) → F(x) for all x?

A naive construction answers “yes”:

G(y, x) := (1 − η)y + ηF(x).

Then the fixed-point iteration reduces to

yt = (1 − η)yt−1 + η F(x),

hence
yt − F(x) = (1 − η)(yt−1 − F(x)).

As 0 < η < 1, it holds that, for all x, yt(x) − F(x) → 0 as t → ∞.
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An Illustrative Example

Consider an 1D function F(x) = 1/x:

|F(x)| =
∣∣∣ 1
x

∣∣∣ → ∞,

∣∣∣dF
dx

∣∣∣ =
∣∣∣− 1

x2

∣∣∣ → ∞, as x → 0.

For a standard neural network, it demands large depth/width to fit it 2

Let’s recall the previous implicit model:

G(y, x) := (1 − η)y + ηF(x).

No difference with learning F itself: |∂G/∂x| = η/x2 → ∞!

2[Telgarsky, 2017]
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A Real Implicit Representation

What would be a nontrivial and meaningful implicit representation?

Instead of writing (1/x) explicitly,
we can regard it as the solution of the equation xy − 1 = 0.

Inspired by this, we apply a fixed-point iteration to solve xy − 1 = 0:

yt = yt−1 − η(xyt−1 − 1)

The implicit operator writes G(y, x) = y − η(xy − 1).

Subtracting the true solution gives

yt − 1
x

= yt−1 − 1
x

− ηx
(

yt−1 − 1
x

)
= (1 − ηx)

(
yt−1 − 1

x

)
For any 0 < η < 1 and any x ∈ (0, 1], we have yt → 1/x.

This implicit formulation is much simpler and more elegant:
G(y, x) = y − η(xy − 1) has no singularity and no blow-up.
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Main Result I

We show that: such an implicit operator exists in general.

Definition (Regular implicit operator)

Let X ⊂ Rd. An operator G : Rn × X → Rn is regular if:
(i) For each y ∈ Rn, the map x 7→ G(y, x) is globally Lipschitz (w.r.t. x) on

X, and the Lipschitz constant grows linearly w.r.t. ∥y∥

(ii) For each x ∈ X, there exists µ(x) ∈ (0, 1), the map y 7→ G(y, x) is
µ(x)-contractive on Rn, and µ(x) is continuous w.r.t. x.

Theorem (Sufficiency)

For any locally Lipschitz F on bounded X, there exists a regular implicit
operator G : Rn × X → Rn whose fixed-point map reproduces F :

Fix
(
G(·, x)

)
= F(x)

for all x ∈ X.
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Main Result II

In the other direction, we have:

Theorem (Necessity)

Let X ⊂ Rd and let G : Rn × X → Rn be regular. Then, for every x ∈ X, the
map y 7→ G(y, x) has a unique fixed point y∗(x), and the resulting fixed-point
map y∗(x) must be locally Lipschitz on X.

Regular implicit operators can only represent locally Lipschitz maps!
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Implication of the Theory

Consider the first iterate y1(x) = G(0, x):

Lip(y1) = sup
x,x′

∥G(0, x) − G(0, x′)∥
∥x − x′∥ = Lip(G(0, ·))

y1(·) is exactly as smooth as G(0, ·)—globally Lipschitz in x.

With more iterations, yt approaches F , so does the Lipschitz constant:

lim
t→∞

∥yt(x) − yt(x′)∥
∥x − x′∥ = ∥F(x) − F(x′)∥

∥x − x′∥ .
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While G itself is simple, its iterate yt(x) can be more and more complex.
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Generalization

Does a large Lipschitz constant of the fixed-point map y∗(x) imply sensitivity
or poor generalization?

• This sensitivity is inherent to the target F , not to the implicit representation.

• The targets F in many applications are indeed steep somewhere.

• Implicit models can realize such targets with a simple operator G, which
regularizes training and supports good generalization in practice.
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Numerical Validations

Two follow-ups:

• Are F locally Lipscthiz in practice?

• Are learned operator G regular in practice?

We will verify with four applications.
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Case Study 1: Inverse Problems

Consider
x = Ay∗ + n ∈ Rd (d < n)

with prior: y∗ lies near a smooth data manifold M ⊂ Rn (maybe nonconvex).

To recover y∗ from x, a standard estimator:

min
y∈Rn

1
2∥x − Ay∥2 + α

2 dist2(y,M).

We show that: under mild assumptions,
• The minimization problem admits a unique minimizer for each x

• The solution map x 7→ ŷ(x) is locally Lipschitz.

Falls into our theory scope.

In practice, we parameterize GΘ with DRUnet-PGD and DRUnet-HQS.
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Numerical Results

14 / 23



Case Study 2: Steady-State NS Equation

2D steady-state incompressible NS Equation on a periodic domain
Ω := [0, 2π]2:

(u · ∇)u + ∇p = ν∆u + f, ∇ · u = 0 on Ω

Solving NS equations refers to determining u given f .

Let x, y denote the discrete version of f, u respectively.

Under acceptable conditions, the mapping x 7→ y is locally Lipschitz 3 .

We follow Marwah et al. [2023], using FNO to parameterize G.

3[Temam, 1995]
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Numerical Results
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Case Study 3: Linear Programs

General form of Linear programm (LP):

min
y∈Rn

c⊤y, s.t. Ay ◦ b, l ≤ y ≤ u.

Here, ◦ ∈ {=, ≤}m.
Each ◦i ∈ {=, ≤} specifies whether (Ay)i equals or is bounded above by bi.

Let x := (A, b, c, ◦, l, u) as the input,
and the solution to LP, y∗(x), as the output.

It can be shown that,
excluding a zero-measure set of x, y∗(x) is unique and locally Lipschitz.

In practice, we extend the GNN in Chen et al. [2023] to an implicit GNN.
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Graph Representation and GNN

min c1 y1 + c2 y2 + c3 y3

s.t. l1 ≤ y1 ≤ u1, l2 ≤ y2 ≤ u2, l3 ≤ y3 ≤ u3

A11 y1 + A12 y2 = b1

A22 y2 + A23 y3 ≤ b2

b1 =
node W1

b2 ≤
node W2

c1 l1 u1

node V1

c2 l2 u2

node V2

c3 l3 u3

node V3

A11

A12

A22

A23

y
(0)
1

y
(0)
2

y
(0)
3

y0
static parts

⇒

y
(t)
1

y
(t)
2

y
(t)
3

yt

static parts

A linear program Graph representation Implicit GNN iteratively called
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Numerical Results
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Case Study 4: LLM Reasoning

We used a pre-trained “looped LLM” in Geiping et al. [2025]:

yt = GΘ(yt−1, x),

where x is the context, and y is the next token to generate.

Question: richer reasoning / higher sensitivity with larger t?
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Case Study 4: LLM Reasoning

Input/Output 1 Input/Output 2

x: explain the difference between charge and volt-
age.

x′: explain the difference between charge and pay.

y2(x): explain the difference between charge and
voltage.

y2(x′): explain the difference between charge
and pay.

y4(x): explain the difference between charge and
voltage. explain the difference between current
and voltage.

y4(x′): explain the difference between charge
and pay. explain the difference between the two.

y6(x): The difference between voltage and
charge is that voltage is the difference between
the potential difference between two points, while
charge is the difference between the electric field
between two points.

y6(x′): explain the difference between charge
and pay. Explain the difference between charge
and pay.

y8(x): The difference between charge and volt-
age is that voltage is the difference in electric po-
tential between two points in an electric field, while
charge is the amount of electric charge in a sys-
tem.

y8(x′): Charge is the amount of money that a
person owes to a company or organization. Pay is
the amount of money that a person receives from
a company or organization.

y32(x): Charge is the amount of electric charge
present in a body. Voltage is the difference in
electric potential between two points.

y32(x′): Charge is the amount of money that a
person or company owes to a credit card company.
Pay is the amount of money that a person or com-
pany has paid to the credit card company.
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Case Study 4: LLM Reasoning

We construct {(xi, x′
i)}200

i=1, a dataset of 200 pairs where inputs differ by only
1-2 words but require vastly different semantic contexts.

Empirical Lipschitz constant Lt using Levenshtein distance d(·, ·):

Lt(i) := d(yt(xi), yt(x′
i))

d(xi, x′
i)

2 4 6 8 10 12 14 16
Iteration t

30

40

50

Lip
sc

hi
tz

 L
t

(2, 29.2)

(16, 52.5)

Takeaway: test-time iterations unlock richer mapping.
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Conclusions

• For any explicit models, there must be a simpler implicit counterparts.

• The expressive power of implicit models scales with test-time iteration.

• Implicit models are well-suited for scientific and reasoning tasks.
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