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What is Rule Reasoning?

[Taken Fact] Socrates is a man.
[Taken Rule] All men are mortal.
[Derived Fact] Therefore, Socrates is mortal.

Task

ProofWriter

ProntoQA

Clutrr

LogieNLI

FOLIO

Logical
Deduction

AR-LSAT

LogiQA

Context (Explicit or Implicit Rules)

RULES: [fhe the ikes the cat If
something is rough then i likes the dog
FACTS: The bear is round.The bear visits the catc.

RULES: Everything that is earthy and a sumpus is an impus. Everything that is dull and
a brimpus is a numpus
FACTS: Sally s dull Sally is a brimpus

RULES: [/ s the son of 4. and Cis the grandmother of B. then C s the mother of 4.
FACTS: Pedo s taking his wife Dorothy out o dinner for their date tonigit. Tracy loves
cooking for her son. Tracy went to the store with her sister Dorothy:

RULES: All not fierce people are not brainy: If there is at least one people who is not
intelligent, then Keaton is fragile and Jaime i fierce.
FACTS: Jaime is fragile. Philip is not sociable. Jaime is brainy.

‘Rafa Nadal was born in Mallorca. Rafa Nadal i a professional tennis player. Nadals win
ratio is higher than 80%. All players in the Big 3 are professionals who have a high win ratio,

On a shelf; there are ive books: a blue book, a red book, a purple book, a gray book, and a
white book. The white book is o the right o the gray book. The biue book is the lefimost.
The red book is to the lef of the gray book. The red book is the third from the lef

Eight new students—R, S, T, V. W, X, ¥, Z—are being divided among exactly three
classes—class 1, class 2, and class 3. Classes 1 and 2 will gain three new students each;
class 3 will gain two new students.

Xiao Ming forgot what day it was today, so he asked O, P. and Q. O replied I also forgot
what day it is today, but you can ask P and Q both. P replied Yesterday It's the day when I
lied. Q's answer is the same as P. It is known that 1.0 never lied;

Question

‘The bear needs the cat?

Sally i dull and a brimpus?

How is Shantel related to Pedro?

Landon is not intelligent

Nadal was not born in Mallorea

Which of the following is true?
A) The blue book s the second
from the right. B) ..C)

If T is added to class 3, which
onc of the following is a student
who must be added to class 27

What day is today?
A) Monday B) Tuseday
) Thursday D) Sunday

Answer

True

True

Shantel is the mother
-in-law of Pedro.

Entailment

False

Figure: Demonstration of rule reasoning data examples.
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Why does Rule Reasoning matter?

@ Rule-based reasoning is a sort of the very basic and important, yet not
well solved task, for example, law reasoning and every other tasks can be
formulated as “syllogism”;

@ Previous work (e.g., prompt engineering, suprevised distillation, and
external memory bank) fails on long-context, complex, and noisy rule
application. These methods obeys the “First principles thinking”;

@ Even frontier large reasoning models (e.g., O1, R1, Gemini-2.5-Pro, and
Claude-Sonnet-3.7) fail on many cases from rule-based reasoning.

Yang Liu*, Jiaqi Li*, and Zilong Zheng™ RuleReasoner April 25, 2026



What is RuleReasoner?

@ Rule-based reasoning is a fundamental problem in Al, but real-world
rule variations pose challenges.

o Large reasoning models (LRMs) show great promise, especially with
reinforcement learning with verifiable reward (RLVR), yet limited in
math & code problems.

o However, it is an open question whether (small) models can effectively
learn rule-based reasoning.

@ RuleReasoner is a new method that helps smaller models learn

rule-based reasoning using a large set of curated tasks and a useful
domain-aware dynamic sampling algorithm.

o It dynamically adjusts the sampling of training data based on past
rewards, which helps the model learn more efficiently.
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Data Curation

The following table shows the statistics of the curated tasks and data used in
this work.

. Task Reasoning Reasoning Fiction Rule of
Dataset # Train/Test Format  Form Depth Rule Inference
ProofWriter (14 5 7,997/500 Boolean Deduction [0, 5] v MP, UI

o . UI, Conjunction

ProntoQA (Saparov & He, 2023)  8,000/500 Boolean Deduction {1, 3,5} v Simplification
Clutrr (Sinha et al., 2019) 268/67  Free Text Induction® — X HS
FOLIO (Han et al., 2024) 1,208/242 MC FOL [0, 71 v MT, DS, Ul
LogicNLI ( ) 8,000/500 MC FOL [1, 5] v MP, MT
AR-LSAT ( R ) 1,636/410 MC AR — v MP, MT
Logic. Dedu. 1 R ) 1,200/300 MC CS {1,3,5} 4 MP, MT
LogiQA (L R ) 264/67 MC CCR — v MP, MT

Figure: Data statistics of curated tasks and data.
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Training Recipe & Optimization.

@ We employ verifiable reward via strict exact match for NL answers;

@ We discard KL loss, encouraging exploration instead of exploitation;

@ We discard the entropy bonus, to avoid entropy explosion in Zero-RL.

1 is_equivalent(d,y),
—1 otherwise.

Rex99) = { )

Policy Optimization. We adopt the basic form of GRPO (Shao et al., 2024) but discard the part of

KL loss, encouraging the model to explore various solutions. For each question-answer pair (q,y),

the policy model 775, samples to generate a group of responses {y1,1>,---,¥c} and calculates the

associated rewards {r1, 7, ..., 7G }, given the oracle answer y, using the aformentioned reward function
EM-

TO) =B D, (0 ~reus )

1861 @

[E‘); Tz(m (@ Asnctip (5,001 ,(,.,f)ﬂ,,)) )

where r;,(6) is the rate of importance sampling for domain d; at the t-th token for y;, and A; is the
advantage as the critic obtained by normalizing the rewards within each group. We strictly follow the
on-policy training method, performing only one gradient update after the policy model tg,,, generates
a group of G rollouts, to enable stable RL training and prevent entropy collapse.

_ Te(Yis | 9, yi<r) _ = immean({r,ry, - rc})
6) = L A== :
ris(6) T Wir | 0 Yict) K std ({ri, 72, ,76}) ©

Figure: Objective for RLVR optimization.
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Figure: Diagram of RuleReasoner
training recipe.




Domain-aware Dynamic Sampling (DADS)

The following algorithm describes the Domain-aware Dynamic Sampling
(DADS) method, enabling policy conduct active learning via auto historical
domain reward tracking & domain weight estimation for training samples.

Algorithm 1 Domain-aware Dynamic Sampling
Input: Policy model: 7y : X — V;
Reward model: Ry
Last weight: W,_y = {wy
Grouped data: D := {(d,
where domain: d; € {d;
Hyperparameters: {a, ¢, 7} CRF.
Output: Constructed batch of samples: B,.
1: procedure TRAIN STEP s SAMPLING
2: Initialize: B 1 < W,y X D; g4, < 0.

3 Yooy e mo(Binr) g RoLLouT ]
4: s Ly et ‘*REM(ys 1. Veo1)
50

6: s,y

7 ‘*{Wg 1.1 +<1 @)Fsa ey
8: e v«ezghls by rewards */

9: f(lrz =12,....n do
10: Vs, d; <—I

11: W d; (‘(p(l d /) + €
Rl (o R NokyaLizinG |
1 = () Ty e,

14: /% Re-sample w.r.t optimized weights */
5o own - TN
16: return B,

Figure: Domain-aware Dynamic Sampling Algorithm.
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In-Distribution (ID) Performance

The following table compares the in-distribution performance of
RuleReasoner with a large spectrum of compared baselines.

Induction Deduction FOL Others Avg.
Clutrr  ProntoQA ProofWriter FOLIO LogicNLI AR-LSAT Logic. Dedu. LogiQA  Results

PRIOR RBRs
HIT (Zht 2 40.3 92.0 88.0 71.0 54.0 97.0 100.0 79.1 71.7
RGFB (D1 25 313 94.0 88.0 74.0 550 95.0 100.0 79.1 77.1
Chain-of-] Lngu da 44.8 91.0 92.0 80.0 54.0 97.0 100.0 80.6 80.0
FRONTIER REASONERS
OpenAl ol_(Jucch et al 522 91.0 91.0 77.0 60.0 98.0 88.0 82.1 79.9
OpenAl 03-mini ) 40.3 94.0 93.0 74.0 550 96.3 100.0 77.6 78.8
Claude-3.7-Sonnet 65.7 928 90.0 74.7 58.0 76.2 97.0 81.5 79.5
DeepSeek-R1 2 71.6 40.0 27.0 7.7 49.0 89.7 98.3 85.0 66.7
BEHAVIORAL CLON
SFT w/o CoT i 1., 2022a 375 96.0 88.8 734 74.8 375 859 76.1 712
SFT w/ Short CoT | 716 92.6 87.0 82.9 73.8 54.8 87.6 88.0 80.9
SFT w/ Long CoT | 83.5 95.6 89.2 83.4 76.6 68.6 79.6 79.1 81.9
ADVANcm) RLVRs
GRPO | 73.1 95.4 96.4 72.3 66.6 36.3 90.3 70.1 75.0
Dr. GRPO ju et 68.6 96.0 95.6 73.9 754 32.1 84.3 65.6 739
DAPO. 2. 86.5 96.0 94.8 80.9 65.8 40.0 953 74.6 79.2
CURRICULUM LEA ING
Data-balance RL 86.5 95.8 95.6 76.8 64.4 45.6 953 73.1 79.1
Easy-to-hard RL 88.0 96.2 96.8 78.9 66.6 463 96.0 74.6 80.4
ADARFT. 92.5 96.0 97.4 81.8 64.4 44.6 96.6 80.5 81.7
RULEREASONER (Ours)
RULEREASONER-4B 82004 95006 96303 78908 66604 38605 96302 80507 19206
RULEREASONER-8B 95503  96.40.4 97.00.2 84706 70401 46.803 98.30.4 83.50.3 84.005

Figure: Comparison with all baselines in eight ID tasks.
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Out-of-Distribution (OOD) Performance

The following figure shows the out-of-distribution performance comparison
between RuleReasoner and other frontier reasoning models.

@ RuleReasoner-8B @ RuleReasoner-4B @ OpenAl-ol OpenAl-03-mini Claude-3.7-Sonnet DeepSeek-R1

100 a4 926 910 938
— 780 [ 80.0 78.7
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® 50 . 40.6 40.8
> i e
<
-9
0 . .
BigBench Hard ProverQA BigBench Extra Hard

Figure: Out-of-distribution performance comparison.
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Performance Gains

The following table shows the performance gains of RuleReasoner compared
to other training methods.

Model Pass@1 Avg. A

Qwen3-8B  27.4/34.2 —

+ SFTT 81.9 / 66.6 545/ 344
+ GRPO 75.0 / 75.8 47.6 1 41.6
+ Ours 84.0 / 81.7 56.6 / 47.5

Figure: Comparison of average improvement.
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Learning Dynamics by Domain

The following figure illustrates the learning dynamics by domain, showing
the training reward, validation pass@1 performance, and domain weights.

—— Reward —— Pass@1 —— Domain Weights

ProofWriter ProntoQA Clutrr FOLIO

Reward / Pass@1
T
=
Domain Weights

LogicNLI AR-LSAT Logical Deduction LogiQA

e
N

e

Reward / Pass@1
s o o
T 3 =
=
Domain Weights

30 60 90 120 150 180 0 30 60 90 120 150 180 0 30 60 90 120 150 180 0 30 60 90 120 150 180
Training Steps Training Steps Training Steps Training Steps

Figure: Learning dynamics by domains.
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Additional Analyses

The following figure shows the performance of data curricula of task types
and training sample efficiency, as well as training method efficiency.
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Figure: Additional evaluation and training method comparison.
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Challenges of Different Rule Settings

Comparison of performance of RuleReasoner on challenging rule setups.

100 A— :
T .
_sof ~~ao *. Rules
X "'-. \\\\ Shuffled
= 6o S~ ultie 95.7
2 40 Tt ¢
= —A— BBH Ordered .98.5
20 =+ ProverQA Rules ’
-4-- BBEH
OFasy  Medum  Hard 0 20 40 60 80
Rule Complexity Rules Ordering Performance (%)
Figure: Comparison of performance Figure: Comparison of performance
on varying task complexity. on challenging rule setups.
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Case Studies

The following figure presents case studies showing the cherry-picked

reasoning chains before and after training with RuleReasoner.

Case Type

Input

Before Training

After Training

Explicit Rules
(ProofWriter)

Rales: If something is smart
then it is furry. If something
is cold itis green. Cold, smart
things are green. Al furry
things are white. If something
s green, it is smart. All furry
ngs are green. Al cold,
reen things are rough. Cold
things are green.

s blue. Dave is
green.
Question: Dave is furry

Step 1: Analyze the given rules and facts. Rule
1: If something is smart, then it is furry. ... Fact
1: Dave is blue. Fact 2: Dave Step
2: Determine if Dave is furry based on the given
rules and facts. From Fact 2 and Rule 2, we know
that Dave is green. From Fact 2 and Rule 8, we
know that Dave is green. However, we also have
Rule 4 stating that all furry things are white, and
Dave is blue (Fact 1). This creates a contradiction,
as Dave cannot be both furry and blue. Since we
have a contradiction, we cannot determine if Dave
is furry. The answer is Unknown.

Answer: Unknown. X

Step-by-Step Reasoning: 1. Dave is cold. From
Rule 8: If something is cold, then it s green. Since
Dave is cold, Dave is green. This is consistent with
the given fact that Dave is green. From Rule 5: If
something is green, then it is smart. Since Dave s
green, Dave is smart. From Rule 1: If something
smart, then it is furry. Since Dave is smart, Dave is
furry. From Rule 6: All furry things are green. This
is consistent with the given fact that Dave is green.
3. Conclusion: Since Dave is smart (from Rule 5),
and from Rule 1, if something is smart, then it is
furry, we can conclude Dave is furry.

Answer: True.

Implicit Rules

Context: The following para-
graphs each describe a set of
three objects amanged in a
fixed order. The statements
are logically consistent within
each paragraph. On a branch,
there are three birds: a robin,
an owl, and a hawk. The
robin is 1o the right of the
hawk. The owl is the left-

most.
Options: (A) The robin is the
rightmost (B) The owl is the
rightmost (C) The hawk is the

rightmost.
Question: Which of the fol
lowing options is true?

To answer this question, let’s analyze the informa-
tion provided in the context step by step: 1. There
are three birds on a branch: ... Now, let's evaluate
the options: (A) The robin is the rightmost: This
option is not true because the robin s to the right
of the hawk, but not necessarily the rightmost bird.
(B) The owl is the rightmost: This option is not true
because the owl is the leftmost bird, not the right-
most. Based on the information provided, none of
the options (A, B, or C) are true. However, since
we must choose one of the given options, we can
conclude that the correct answer is: (B) Please note:
that this answer is not entirely accurate, as the owl
is actually the leftmost bird. The question might
have a mistake or missing information.

Answer: B. X

To determine the correct order of the three birds on
the branch, let’s analyze the information provided:
1. The owl s the leftmost. This means the owl s in
the first position on the branch. 2. The robin is to
the right of the hawk. This means the robin comes
after the hawk in the order. Now, let's determine the
positions of the hawk and the robin: Since the owl
s the leftmost, the owl must be in the first position.
The robin is to the right of the hawk., so the hawk
must be in the second position, and the robin must
be in the third position. So, the order from left o
rightis: 1. Owl 2. Hawk 3. Robin Now, let’s evalu-
ate the options: (A) The robin is the rightmost. So,
this statement is true. (B) The owl is the rightmost.
.. So, this statement i false.

Answer: A./

Figure: Reasoning quality before and after training by RuleReasoner.
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Conclusion

@ RuleReasoner is a helpful training framework that enhances the
effectiveness and efficiency of multi-task rule reasoning via RLVR.

@ It achieves higher ID and OOD performance compared to recent RLVR
methods, with redundant rollout cost (Make SRMs stronger!).

o Future work will explore more approaches to further improve reasoning
model post-training efficiency, to unify all reasoning tasks.
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