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Background
Tokenwise Verification [

» Step 1: sample draft tokens from the draft distribution

CI(xt) P(x; is sampled) = q(x;|X1.4—1)

— Ox Oxn ()«

[1] Leviathan, Yaniv, Matan Kalman, and Yossi Matias. "Fast inference from transformers via speculative decoding." ICML 2023.



Background
Tokenwise Verification

» Step 2: verify a draft token based on likelihood ratio

Case 1: / accept = check nexttoken

q(x;)
— Ox Oxn Ox

_________ ||I||III||“““|| ““lllllllln....__ Case 2: x reject —= resample

e p(xe)
Accept Probability: min{1, q(xt)} O x! ‘ x5 O X3
OF

p(xt)




Background
Tokenwise Verification

» Step 2: verify a token based on likelihood ratio

e Case 1:tokenis accepted

q(x¢) “||l p(x,) Accept -Prcz)gt() Z g)ility:
h = mm{q(—xt), 1}
||\““ =
|I|||II|

min{p (xt); q(x.)}

» Output Probability:
P(x, is sampled, x, is accepted)

= q(x) minfZZ5, 1)

= min{p(x,), CI(xt)}
‘ )
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Background
Tokenwise Verification

» Step 2: resample a token using likelihood ratio

e Case 2:tokenisrejected

D1k(q,p) Drx(p,q) N
Resample Probability:
(xt ““". PR p o PED-minpC)ax)) @
““| Fres Yz.ev P(X) — min{p(%,), q(%,)}
|||I||||”“ ‘

» Output Probability:
P(%; # x; is sampled and rejected, x; is resampled)

p(x¢) ) p(x¢)—min{p(x¢),q(x¢)}

= thev q(X)(1 - mln{CI(xt) 7 Xx,ev P(XD)—min{p(£0),q(£0)}

_ p(xe) —min{p(xe),q(x¢)}
= Dpterp) So———

redarea =



Background
Tokenwise Verification

» Output Distribution:

P(x; is yielded) = P(x; is sampled and accepted) + P(X, is sampled and rejected, x; is resampled)
= min{p(x.), q(x,)} + p(x,) — min{p(x,), q(x,)}
= p(x¢)

Dix(q,p) D x(p,q)

p(xt)

min{p(x,), q(x;)}

mmmm) Target distribution is preserved! q(xt)



Background
Joint Verification

» Accept Probability [2]:
p(Xl:t)}

. o p(x¢t) P — mi
tokenwise: h(x;) = mln{l,q(xt)} == joint:h(Xy,)) = mm{l,q(xl:t)

» IWlustrative Example:
“Eliza worked a total of 45 hours, so {she, work, ed, 45}
| )

\ J
I 1

input prompt draft tokens

Draft and target probs:
{p(x)} =1{0.72,1.00,1.00, 1.00}, {q(x)} =1{0.88,0.79,0.65, 0.26},

Accept probs
{h(x)} ={0.82,1.00,1.00, 1.00}, h(X14) =1

[2] Zongyue Qin, et, al. Optimized multitoken joint decoding with auxiliary model for llm inference. ICLR 2025.



Background
Joint Verification

» Output Distribution:
P(X,.; is yielded) = P(X,.; is sampled and accepted) + P(X,., is sampled and rejected, X,., is resampled)

« Case1: P(X,.; is sampled and accepted) = q(X;.;) min{l,zg—:g} = min{p(X1.t), (X1.£)}
' \ J

Y
blue area

e Case2: P()?l:t * X,.: Is sampled and rejected, X;.; is resampled)

= Dprancn (C[, p |X1:t—1)pres (Xl:t)

p(Xl:t) _min{p(Xlzt);CI(Xlzt)}
Dpranch(®.9|1X1:t-1)

— DBranch (CI» p |X1:t—1)



Background

Joint Verification
> Case 2:

Issue 1: Dp,ancn (4, P1X1:t-1) # Dpranch (@) q1X1:4-1)

\ )
‘ Y / |

red area *

Issue 2: p(- |Xy.1—1 # X1..—1) and q(- |X1.c—1 # X1..—1) are unknown

q(X1:t) p(X1:t)

~

) P(X,.; is yielded) # p(Xy.t)

\
N\
N\
N
N - 7
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—  Branch(x;)
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Method
Theory

» Definition: Asymmetry of Branch Divergence

ABranch(Xl:t—l) — DBranch(p: q|X1:t—1) — DBranch(Qrplxl:t—l)
* negative asymmetry: excess probability mass = target dist. locally recoverable

q(X1.t) p(X1:t)

Branch(X{.._{)

* positive asymmetry: deficient probability mass = target dist. locally unrecoverable

q(X1.t) p(X1:t)

Branch(X{.;_4



Method
Theory

» Theorem: Hierarchy of Branch Divergence

ZAanch(Xl:t_z,Ec’t_l)>0 ABranch(Xl:t—Z: 521:—1) — DBranch(p: CI|X1:t—2)

> Key Insight:

Target distribution is recoverable by recursively compensating deficient mass with excess
mass at each branch, because:

e ||||“‘

DBranch(p: q|X0) =0

Branch(Xi.t_1



Method
Naive Hierarchical Speculative Decoding
» Method:

Y
z z P()?l:y #+ X1, Is sampled and rejected, X, is resampled) =

T=OX‘L’+1:]/
)4 )4 )4
D> auKeay) - | | A=h) e | | Prestro
7=0 X741y t=71+1 t=1+1

Explanation of probability terms:
 Sampling q(Xl:TXT+1:)/): generat the initial draft sequence.

- Backward Scan []'__, (1 — h;): reject tokens until the first accepted prefix is found.

* Acceptance h: accept the longest prefix X;.;.

* Resampling H¥=T+1 P..c(x;): recursively resample to recover the target probability.



Method

Naive Hierarchical Speculative Decoding

> Illustration:

!/
~ 70N
~ [ 7
, . \\ /I xz
Q)

>lssue:

—— draft trajectory
------ known probabilities

unknown probabilities

P..c(x;) requires the target and draft probability at the newly resampled trajectory,

mmmm) ) — 7+ 1 callsto the target model



Method
Hierarchical Speculative Decoding
» Method: Capped Branch Resampling

By clipping the maximum prefix ratio, we derive the corresponding accept and resample rule,
which recovers the target distribution with a single resampling step within the accessible branches.

. Next Hi hical
Jointly - |:> A ierarchic c Draft
Accept L Step 8 Speculatiwe Tokens
oo Decoding

e\ Resampled
> n - =% iy '

T T | +] |
~ \ — — » Dropped

h 1 < ?} 1 [N Path
‘ m Reject
X, X
\ -1 |
\\F__/i Backward
Acceptance ‘ ho<n_ N« 4 x, )% \ Operation
e

T ~ NS Resample with
l h}- <n, I the probability

T T'I‘]_ 'yl ;V_]_ ?‘ of Pp:-_;{'l‘xilzr}



Thank you!
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