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Entropy regularised MDPs

For some regularisation parameter 7 > 0, initial state distribution p € P(S), the value function
is defined as

V7 (p) =EL ., <Z’y (c(sny an) + 7 KL(7(- \sn)lu))>

n=0
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Entropy regularised MDPs

For some regularisation parameter 7 > 0, initial state distribution p € P(S), the value function
is defined as

n=0

VI(p) =Eg ., <Z’Y (c(sny an) + 7 KL(7(: \Sn)lu))>
The state-action value function is defined as
03(s,3) = cls.2) + [ VF()P(d].a)
S

and satisfies 77 QF = QI with

TIf(s,a) = c(s, a) —i—’y/

SxA

f(s',a)n(da'|s")P(ds'|s, a)—1—77/5KL(W(-|5’)|M)P(ds’\s, a).
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Entropy regularised MDPs

For some regularisation parameter 7 > 0, initial state distribution p € P(S), the value function
is defined as

V7 (p) =EL ., <Z’y (c(sny an) + 7 KL(7(- \sn)lu))>

n=0
The state-action value function is defined as

QI (s,a) = c(s,a) + ’y[s V(s )P(ds's, a),

and satisfies 77 QF = QI with

TIf(s,a) = c(s, a) —i—’y/

f(s',a)n(da'|s")P(ds'|s, a)—l—Tv/ KL(7(-|s") ) P(ds'|s, a).
SxA s

Goal: compute the minimiser 7* € P(A|S) such that 7* = argmin V' (p).
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Temporal difference and Mirror descent

Let Q(s, a;0) = (0, #(s, a)) for some ¢ : S x A— RN. Directly from this, we define the
approximate advantage function for a policy 7 as

A(s,3;0) = Q(s,a;0) + 7 log Z;(s, a)— V(s; 0),

with V(s;0) = [, ( (s,a;0) + 7log Z—Z(s, a)) w(dals).
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Temporal difference and Mirror descent

Let Q(s, a;0) = (0, #(s, a)) for some ¢ : S x A— RN. Directly from this, we define the
approximate advantage function for a policy 7 as

A(s,3;0) = Q(s,a;0) + 7 log Z;(s, a)— V(s; 0),

with V(s;0) = [, ( (s,a;0)+ Tlog 2—2(5, a)) m(dals). How to update 6 and 7 ?
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Temporal difference and Mirror descent

Given some §° € RN and initial policy 79, consider the following algorithm

0n+1 — g _ hng(en,ﬂ_n)
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Temporal difference and Mirror descent

Given some §° € RN and initial policy 79, consider the following algorithm

0n+1 — g _ hng(en,ﬂ_n)

7™ — arg min { J ( [ At ol + - KL(w(-|s)\7r"(-rs>)) a7 (ds>} ,

™

where g : RV x P(A|S) is the semi gradient of the Mean Squared Bellman Error (MSBE),
defined as

(0, 7) = /5 (Q(5.0) = TIQ(s. 2:6)) é(s. )3 (da, o)
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We consider the continuous time dynamics of the updates:

d
aet = —nrg(Gr,m),

Orme(dals) = —A(s, a; 0;)m¢(dals),

where 7; : [0,00) — [1,00) be a non-decreasing, continuous function. [Zha+21] study a
similar flow in the unregularised case (7 = 0) however convergence was only established to a
neighbourhood of the optimal policy, and a restarting mechanism was required.
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Problems and Challenges

e Due to the KL regularisation and the fact that the state and action space is Polish, there
is no a priori upper bound on the value functions.
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Problems and Challenges

e Due to the KL regularisation and the fact that the state and action space is Polish, there
is no a priori upper bound on the value functions.

e Thus, before addressing the convergence of the coupled flow to the optimal policy 7, we
must first address its stability.
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Q@ Al: Forall (s,a) € S x A it holds that |¢(s,a)>» <1
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Q@ Al: Forall (s,a) € S x A it holds that |¢(s,a)>» <1
@ A2 Ag = Amin( f,0 95, 2)6(s, 2)A(da, ds)) > 0
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To ease notation, define I' = Ag(1 — v)(1 — /), Kt = supscs KL(7:(-]5)|12).
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Stability

To ease notation, define I' = Ag(1 — v)(1 — /), Kt = supscs KL(7:(-]5)|12).

Theorem

Let A1, A2 hold and let o > [. Then there exists constants a1, a> > 0 such that for all
v€(0,1),s€ S and t > 0 it holds that

t
K% < a+ 32/0 e_T(t_r)Kf dr.

A direct corollary then shows that the coupled flow does not blow up in finite time. Uniform
boundedness under more restrictive conditions.
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Convergence

© A3: For all t >0, there exists 0, € RN such that Q™(s,a) = (0x,, #(s,a)) foralls€ S
and a € A
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Convergence

© A3: For all t >0, there exists 0, € RN such that Q™(s,a) = (0x,, #(s,a)) foralls€ S
and a € A

Let A1, A2 and A3 hold. Then there exists k; > 0 with n; = noeklt and ky > 0 such that for
all v € (0,1) and t > 0 it holds that

in VI"(p) — VI
. Vs (p) = VI (p)

Te_%t * * k
< ( /S KL(w*(-|s)Imo(-|s))d] (ds>+§)

C2(l-y)(1-e
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