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Theoretical Intuition
Linear Forecasting Model Generalization

2

We start our discussion with a simple noise-free timeseries

𝑦𝑡
∗ = 0.01𝑡2 + sin 𝑡

Linear Learnability:

− We can perfectly fit a linear model with parameter 𝐖 to forecast 

𝑦𝑡
∗ 𝜏 + 1: 𝜏 + 𝐿 with input 𝑦𝑡

∗ 𝜏 − 𝐻 + 1: 𝜏 .

Generalization Behavior:

− 𝐖 can also forecast 𝑥𝑡
∗ = 𝑡 + cos 𝑡.

− 𝐖 cannot forecast 𝑧𝑡
∗ = cos 1.1𝑡.

Linear weight that fits 𝑦𝑡
∗
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Theoretical Intuition
Noise-free Characteristic Roots Analysis

3

Backgrounds

− Linear Difference Equations:

𝑦𝑡 + 𝑎1𝑦𝑡−1 +⋯+ 𝑎𝑝𝑦𝑡−𝑝 = 0

− Dynamic of linear difference equations are defined by Characteristic Polynomials

𝑟𝑝 + 𝑎1𝑟
𝑝−1 +⋯+ 𝑎𝑝 = 0

− Roots of the Characteristic Polynomial are called Characteristic Roots; they define the General Solutions of the system (for distinctive roots)

𝑦𝑡 = 𝐶1𝑟1
𝑡 + 𝐶2𝑟2

𝑡 +⋯+ 𝐶𝑝𝑟𝑝
𝑡

Recall the simple example

− For time series 𝑦𝑡
∗ = 0.01𝑡2 + sin 𝑡, the roots are 𝑒𝑖 , 𝑒−𝑖 , 1, 1, 1. 

− The general solution that representable by 𝐖 is as follows, which represent all time series it can forecast without any error

𝑦𝑡 = 𝐶1𝑒
𝑖𝑡 + 𝐶2𝑒

−𝑖𝑡 + 𝐶3 + 𝐶4𝑡 + 𝐶5𝑡
2 ⋅ 1𝑡 + [general solution with other roots]

Key Conclusions:

− Linear time series forecasting models can perform zero-shot generalization to any time series whose characteristic roots are a subset of its own.

− In noise-free condition, a sufficiently large (achieve training MSE of 0) linear model always capture the real dynamics.
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Theoretical Intuition
Performance Upper Bound with Noise
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In real cases, we almost always encounter noises, for instance:

𝑦𝑡
∗ = 0.01𝑡2 + sin 𝑡
noise−free signal

⇒ 𝑦𝑡 = 𝑦𝑡
∗ + 𝜀𝑡

observation with noise

Noise-based Error & Signal-based Error:

− The MSE we for a time series segment computed can be naturally decomposed into two parts

𝔼 𝐲fut
∗ −𝐖⊤𝐲his

∗ + 𝜺fut −𝐖⊤𝜺his 2
2

− Assumption: we cannot forecast future noises and the best we can do is perfectly forecast the noise-free signal:

𝔼 𝐲fut
∗ −𝐖⊤𝐲his

∗ + 𝜺fut −𝐖⊤𝜺his 2
2 ≥ 𝔼 𝜺fut −𝐖⊤𝜺his 2

2 ∀𝐖

− We focus on the lower bound 𝔼 𝜺fut −𝐖⊤𝜺his 2
2 evolves with dataset sizes:

Key Conclusions:

− Optimal MSE we can achieve is 𝔼 𝜺fut 2
2 when 𝐖⊤𝜺his = 𝟎 (noise with zero mean).

− When forecasting on noises with zero mean finite second moments, the 𝐖OLS converges to population optimal 𝐖⋆ with rate 𝒪 1/√𝑇 .

⋯
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Dynamic Rank Tuning – Root Purge

Rank-Nullity Theorem:

− Rank 𝐖⊤ + Nullity 𝐖⊤ = dim(Domain 𝐖⊤ )

− In human language: If a larger subspace of 𝐖⊤’s domain is its null 

space (𝐱 ∈ Null(𝐖⊤) satisfy 𝐖⊤𝐱 = 𝟎), then 𝐖 is of low-rank.

Promoting a Close-to-Null Subspace:

− Recall that we cannot predict noise; thus, ideally, we wish to have 

𝐖⊤𝜺his = 𝟎. 

− We can estimate by 𝜺his = 𝐲fut − ො𝐲fut. Since we cannot predict 

noise, ො𝐲fut should be noise-free at convergence.

− We thus promote span({𝜺his}) to behave close to a null space.

Methodologies
Suppressing Noise for Better Forecasting
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Rank Reduction Methods

Even if clean signals has very few characteristic roots, data matrix typically 

becomes full rank due to noises. This motives rank reduction as a post-

training denoising strategy.

Reduced Rank Regression (RRR):

− Find low-rank matrix 𝐖𝜌 so that 𝐖𝜌
⊤𝐲his −𝐖⊤𝐲his 𝐹

is smallest

Direct Weight Rank Reduction (DWRR):

− Find low-rank 𝐖𝜌 so that 𝐖𝜌 −𝐖
𝐹

is smallest

𝒢𝐖: linear function with 

learnable parameter 𝐖

𝒫: dimension aligner,   

e.g. padding or slicing
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Experiments
Main Results
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Overall Results: Both methods we proposed can improve forecasting result comparing to previous methods.
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Verification of Theoretical Predictions
Singular Value Shrinkage and Scaling Property
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Singular Value Shrinkage:

In Figure 2, we can empirically confirm Root Purge should 

promote a subspace of Domain W⊤ to behave closely to a 

null space.

Data Scaling & Noise Robustness

In Figure 3, we can empirically confirm Root Purge & RRR 

performs better at small training data and large noises.
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Verification of Theoretical Predictions
Closer Characteristic Roots

8

Closer Characteristic Roots:

In Table 2, we can empirically confirm Root Purge & RRR 

produce characteristic roots that are closer to ground truth.

Root Visualizations:

In the left Figures, OLS characteristic roots also show visibly 

larger deviations from the ground truth.
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Practical Robustness
Hyperparameter & Individual Channel Modeling (INC)

9

(b) Linear CI(a) Linear INC

Hyperparameter Sensitivity:

In Figure 4, we can see that Root Purge improves 

performance across a wide range of 𝜆 values, making it 

easy to tune in practice.

Extending to Individual Channel Modeling (INC) :

While Channel Independence (CI) has be a common practice for time series modeling. We show that Root Purge can also work with INC setting, 

which fits separate model for each time series channel. We show only under root purge can we utilize this expressive power for better performances.
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