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Neural networks learn class-specific functional modules
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Can we train sparse,
class-specialised subnetworks that
remain ignorant outside their
domain, and compose into accurate,
generalist models?
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Our framework: the MaxEnt loss

Let C be the full set of classes and R C C the set of rewarded classes
For a training sample (x, y), where y € C, we define the
target distribution y € R!l as
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Our framework: the MaxEnt loss

Let C be the full set of classes and R C C the set of rewarded classes
For a training sample (x, y), where y € C, we define the
target distribution y € R!l as

0=y, Ify E€R

Vi % otherwise « Uniform (MaxEnt)
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Specialised subnetworks, ignorant outside their domain

[71
©-109.40104.60111.60 8.40 56.40 173.60176.40205.80 7.20

Table 1: Single submodule behaviour when using MaxEnt Loss with and without IMP.

~ -13.00 123.60 81.80 9.80 15.40 32.60 373.60262.00 12.40
MNIST Fashion MNIST HAR Yeast ~ - 40.60 147.20122.20 8.60 29.60 86.40 264.80242.80 6.60

Model IMP
Entropy Rewarded Acc Entropy Rewarded Acc Entropy Rewarded Acc Entropy Rewarded Acc o - 56.80 152.20 85.60 13.20 27.60 80.40 254.20278.20 5.00

Shallow No 2296 ©0.003) 0.998 (0002 2.296 (0003) 0.998 (©0002) 1.762 00179  0.997 0007) 1.298 00620  0.995 (0.009)

MLP Yes 2293 0004y 0.999 .001) 2.293 0004 0.999 0001y 1.757 ©0.023) 0.996 0008 1.297 0059  0.998 (0.006) v 2340 ERRRIELEl 7-80 46.80 74.00 SRRy 520

Real

Deep No 2298 0002 0.997 (0o03) 2.285 o013 0.995 o004y 1.772 0o14)y 0.992 0.013) 1.302 0o064)  0.996 (0.009) i - 30.80 163.80121.60 50.20 53.00 53.80 188.80293.20 29.60
MLP Yes 2300 o001y 0.998 0.002) 2.291 0008 0.991 0007 1.762 0023 0.999 (0.005) 1.302 (0.056) 1.000 (0.000)

© -57.40 141.40114.60 18.60 37.00 124.20220.60239.80 6.80
CNN No 2.302 (0.000) 0.998 (0.004) 2.302 (0.000) 0.996 (0.004) - - - -

Yes 2302 ©.000) 0.994 (0.005) 2.302 0.0000 0.992 (0.005) - - - - ~- 000 020 0.60 020 060 040 0_600_00

o - 35.20 89.20 157.80 29.20 67.40 64.40 240.60280.40 10.20

o -20.20 16.80 95.80 24.20 108.20 42.00 262.60373.40 45.80

0 1 2 3 4 5 6 7 8
Predicted

Confusion matrix (total predicted
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11.00
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counts per class). CNN on FMNIST



Specialised subnetworks, ignorant outside their domain

[71
©-109.40104.60111.60 8.40 56.40 173.60176.40205.80 7.20 46.60

Table 1: Single submodule behaviour when using MaxEnt Loss with and without IMP.

~ -13.00 123.60 81.80 9.80 15.40 32.60 373.60262.00 12.40 75.80

MNIST Fashion MNIST HAR Yeast o~ -40.60 147.20122.20 8.60 29.60 86.40 264.80242.80 6.60 51.20

Entropy |[Rewarded Acc Entropy IRewarded Acc Entropy [Rewarded Acc Entropy Rewarded Acc m - 56.80 152,20 85.60 13.20 27.60 80.40 254.20278.20 5.00 46.80

Model IMP

Shallow No 2296 0.003)] 0.998 ©0.002)f 2.296 0.003)f 0.998 (0002 | 1.762 0017 | 0.997 0.007) | 1.298 ©0.062) § 0.995 (0.009)
MLP Yes 2293 0004 0.999 ©0.00nf 2.293 0004 f 0.999 ©.001) | 1.757 0.023)] 0.996 (0.008) | 1.297 0.059) § 0.998 (0.006)

< -53.40 165.80137.20 7.80 46.80 74.00 258.80193.00 5.20 58.00

Real

Deep No 2.298 ©.002)) 0.997 (0.003)) 2.285 ©o013)f 0.995 ©004) | 1.772 0014y | 0.992 (0.013) | 1.302 (0.064) | 0.996 (0.009) n - 30.80 163.80121.60 50.20 53.00 53.80 188.80293.20 29.60 15.20
MLP Yes 2300 ©oonf 0.998 ©0.002)f 2.291 ©.008)f 0.991 0.007) | 1.762 0.023)] 0.999 (0.005) | 1.302 (0.056) 1.000 (0.000)

© -57.40 141.40114.60 18.60 37.00 124.20220.60239.80 6.80 39.60

No 2.302 ©.000)f 0.998 0.004)f 2.302 0.000)f 0.996 (0.004) - - - -

CNN ]
Yes 2.302 (0.000) 0.994 (0.005) | 2.302 (0.000) 0.992 (0.005) - - - - ~- 000 020 060 020 0.60 040 0.60 CLFRNI0.00 0.00

c - 35.20 89.20 157.80 29.20 67.40 64.40 240.60280.40 10.20 25.60

o -20.20 16.80 95.80 24.20 108.20 42.00 262.60373.40 45.80 11.00

0 1 2 3 4 5 6 7 8 9
Predicted

Confusion matrix (total predicted
counts per class). CNN on FMNIST



Specialised subnetworks, ignorant outside their domain
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©£109.40104.60111.60 8.40 56.40 173.60176.40205.80 7.20 46.60

Table 1: Single submodule behaviour when using MaxEnt Loss with and without IMP.

~§ 13.00 123.60 81.80 9.80 15.40 32.60 373.60262.00 12.40 75.80

2

40.60 147.20122.20 8.60 29.60 86.40 264.80242.80 6.60 51.20

MNIST Fashion MNIST HAR Yeast

Entropy Rewarded Acc Entropy Rewarded Acc Entropy Hewarded Acc Entropy Rewarded Acc m | 56.80 152,20 85.60 13.20 27.60 80.40 254.20278.20 5.00 46.80

Model IMP

Shallow No 2.296 ©0.003) § 0.998 (0.002) | 2.296 0.003) | 0.998 (0.002) | 1.762 0.017) | 0.997 0.007) | 1.298 0.062) | 0.995 (0.009)
MLP Yes | 2.293 ©0.004) | 0.999 0.001) | 2.293 0.004) | 0.999 (0.001) | 1.757 0.023) | 0.996 (0.008) § 1.297 (0.059) | 0.998 (0.006)

4

53.40 165.80137.20 7.80 46.80 74.00 258.80193.00 5.20 58.00

Real

Deep No 2.298 ©0.002 | 0.997 (0.003) f 2.285 ©013) | 0.995 ©.004) | 1.772 (0.014) | 0.992 (0.013) | 1.302 (0.064) | 0.996 (0.009) wn | 30.80 163.80121.60 50.20 53.00 53.80 188.80293.20 29.60 15.20
MLP Yes | 2.300 0.001) | 0.998 0.002) | 2.291 0.008) | 0.991 0.007) | 1.762 0.023) | 0.999 (0.005) § 1.302 (0.056) 1.000 (0.000)

6

57.40 141.40114.60 18.60 37.00 124.20220.60239.80 6.80 39.60

CNN No 2.302 ©0.000) § 0.998 (0.004) | 2.302 (0.000) | 0.996 (0.004) - - - -

Yes 2.302 (0.000) 0.994 (0.005) | 2.302 (0.000) 0.992 (0.005) - - - - ~- 000 020 060 020 0.60 0.40 0.60 997.40 0.00 0.00

8

35.20 89.20 157.80 29.20 67.40 64.40 240.60280.40 10.20 25.60

o §20.20 16.80 95.80 24.20 108.20 42.00 262.60373.40 45.80 11.00
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Confusion matrix (total predicted
counts per class). CNN on FMNIST



Merging functional modules

e 7T e, " IVP!
. . \ ‘3 ' | Algo. 1
:m,z" K Vie A ‘I\\IE ' | applied
/ : / S g ! | for each
91 (5 2 EP' 902P class
ME ME ME
01 6 02 CS Oc (5
Class-specific 0 6 : (E:xamplale of
functional [1,2] : MOmp ete
modules : erge
Merged 0 6
models [1,2—C] ]




oye oye
i CO00 QOOOD

HONOR® S O O

Merging



L ]
M e rg Ta g Input Layer Hidden Layer

Q O O

Weight Summation

ONORGEOIOIONONORO

Q O O




L ]
M e rg Ta g Input Layer Hidden Layer

Q O O

Logit Averaging

QOO0 dOOO

Q O O




Merging functional modules

[0]+[6]

o £yEXfe 0.00 0.00 0.00 0.20 0.00 5.20 0.00 0.00 0.00

~ -145.40 92.00 25.40 11.60 73.20 147.40353.20 24.40 85.60 176.80
~ -401.60 41.00 22.20 23.20 91.80 46.40 266.20 18.80 62.20 58.60
m -292.20 73.60 31.20 34.80 122.80 69.00 171.80 39.20 82.60 92.80

< -233.20 48.20 58.40 33.20 78.40 62.40 268.00 29.40 104.80 66.00

Real

10 -291.40 22.60 27.00 13.40 47.80 53.40 326.00 18.60 58.60 33.20
© - 840 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
~ -372.20 55.60 21.00 39.00 99.20 40.40 193.40 10.60 119.40 77.20
© -362.80 29.20 39.40 14.60 94.40 38.80 276.20 23.20 54.20 41.20

o -227.40 34.20 56.60 37.80 126.00 76.60 209.20 19.00 151.40 70.80

0 1 2 3 4 5 6 7 8 9
Predicted

Real

o EZExY 0.60 0.00
— - 0.00 WPFR 0.20

~ -188.20262.00 7.60
m -98.00 226.00 13.00
< -66.00 165.60 15.80
in -162.00107.40 4.40
© -236.20191.20 11.60
~ -101.40276.60 18.60
- 8.60 3.60 0.00

o - 6.00 5.80 0.00

0 1 2

0.00

0.20

5.40

8.40

6.00

9.00

13.20

5.20

0.00

0.00

[0, 1]+[8, 9]

0.00 0.20

0.20 0.00

14.20 8.20

20.00 9.80

17.40 9.40

20.00 5.00

15.60 4.40

11.00 19.20

0.00 0.00

0.00 0.00

4 5
Predicted

0.00

0.00

20.40

17.00

5.00

6.20

12.60

8.60

0.00

0.20

0.00 3.80 1.40

0.00 6.00 0.60

21.80 325.00179.20
10.40 244.40363.00
10.40 146.40540.00
11.80 320.20246.00
22.40 260.60190.20

55.40 102.20429.80

0.00 EZicR:{d 12.00
0.20 13.40 EEERAY
1 1

7 8 9

Confusion matrices (total predicted counts per class) for two representative pairwise
merges in weight-space of shallow MLP submodules on MNIST.



Merging

FMNIST MNIST HAR Yeast
Model |R| Loss Logit Weight Logit Weight Logit Weight Logit Weight
XE  0.859 0.181) 0.813 0209 0.798 (0.162) 0.679 0.188) 0.882 (0.164) 0.866 (0.181) 0.667 (0.100) 0.660 (0.094)
1 QME 0.962 (0.035) 0.868 (0.1479  0.984 (0.006) 0.973 (0.011) 0.955 (0.023) 0.954 (0.041) 0.734 (0.127) 0.737 (0.132)
ME  0.983 (0.029) 0.980 (0.031) 0.992 (0.004) 0.991 (0.005) 0.982 (0.026) 0.983 (0.026) 0.844 (0.115) 0.843 (0.116)
Shallow MLP XE 0.813 (0.093) 0.777 0.111)  0.852 (0.070) 0.831 (0.0679 0.870 (0.068) 0.864 (0.059) 0.439 (0.056) 0.419 (0.039)
allow 2 QME 0953 0021) 0.918 0043 0.982 0.006) 0.963 0015) 0.937 0.010) 0.919 0020) 0.474 (0.018) 0.475 (©.021)
ME  0.960 0.023) 0.952 0.025) 0.983 (0.005) 0.980 (0.006) 0.949 (0.014) 0.945 (0.016) 0.565 (0.065) 0.549 (0.064)
XE  0.655 0.021) 0.434 0.084) 0.855 0.006) 0.831 (0.018) - - - -
5 QME 0.865 (0.002) 0.752 (0.036) 0.950 (0.001) 0.909 (0.012) - - - -
ME  0.867 ©0.002) 0.827 (0.014) 0.952 0.001) 0.945 (0.001) - - - -
XE  0.889 (0.150) 0.813 (02120 0.834 (0.128) 0.668 (0.176) 0.887 (0.160) 0.840 (0.214) 0.689 (0.095) 0.674 (0.097)
1 QME 0.956 (0.039) 0.858 (0.152) 0.971 (0.009) 0.960 0.029) 0.943 (0.026) 0.923 (0.091) 0.800 (0.113) 0.807 (0.112)
ME  0.978 0.034) 0.973 0.040) 0.992 (0.004) 0.991 0.005) 0.982 (0.029) 0.982 (0.030) 0.844 (0.117) 0.839 (0.119)
Deep MILP XE  0.790 0.098) 0.748 0.121) 0.841 0.060) 0.724 (0.085) 0.857 (0.068) 0.821 (0.065) 0.400 (0.031) 0.372 (0.027)
cep 2 QME 0.947 (0.023) 0.846 (0.113)  0.979 (0.007) 0.910 (0.055) 0.926 (0.020) 0.868 (0.085) 0.485 (0.024) 0.486 (0.026)
ME  0.955 0.024) 0.930 0.030) 0.983 (0.005) 0.975 (00100 0.942 (0.014) 0.870 (0.098) 0.608 (0.013) 0.598 (0.015)
XE  0.624 0.014) 0.500 0.0949) 0.799 0.017) 0.687 (0.069) - - - -
5 QME 0.850 (0.003) 0.649 0.068) 0.941 (0.003) 0.807 (0.040) - - - -
ME  0.852 0.002) 0.800 0.018) 0.944 (0.003) 0.919 (0.008) - - - -
XE  0.633 (0.182) 0.576 0.158) 0.539 (0.103) 0.520 (0.070) - - - -
1 QME 0.955 0.031) 0.896 (0.131) 0.986 (0.007) 0.952 (0.081) - - - -
ME  0.983 0.024) 0.966 0.037) 0.997 0.002) 0.984 (0.020) - - - -
CNN XE  0.568 0.110) 0.630 0.162) 0.675 (0.139) 0.638 (0.135) - - - -
2 QME 0.959 (0.017) 0.898 0.065) 0.992 (0.003) 0.945 (0.054) - - - -
ME  0.972 ©0.017) 0.926 0.047) 0.994 (0.003) 0.964 (0.040) - - - -
XE  0.625 (0.052) 0.493 (0.144)  0.901 (0.025) 0.776 (0.061) - - - -
5 QME 0.912 0.004) 0.790 (0.046) 0.986 (0.000) 0.909 (0.034) - - - -
ME  0.915 ©0.002) 0.791 0.083) 0.988 (0.001) 0.943 (0.034) - - - -




Merging

Standard CrossEntropy
trained only on the
rewarded classes

FMNIST MNIST HAR Yeast

Model |R| Loss Logit Weight Logit Weight Logit Weight Logit Weight
IXE 0.859 (0.181) 0.813 02099 0.798 0.162) 0.679 (0.188) 0.882 (0.164) 0.866 (0.181) 0.667 (0.100) 0.660 (O.ﬁ

1 QME 0.962 (0.035) 0.868 (0.1479  0.984 (0.006) 0.973 (0.011) 0.955 (0.023) 0.954 (0.041) 0.734 (0.127) 0.737 (0.132)

ME  0.983 (0.029) 0.980 (0.031) 0.992 (0.004) 0.991 (0.005) 0.982 (0.026) 0.983 (0.026) 0.844 (0.115) 0.843 (0.116)

Shallow MLP XE 0.813 (0.093) 0.777 0.111)  0.852 (0.070) 0.831 (0.0679 0.870 (0.068) 0.864 (0.059) 0.439 (0.056) 0.419 (0.039)

allow 2 QME 0953 0021) 0.918 0043 0.982 0.006) 0.963 0015) 0.937 0.010) 0.919 0020) 0.474 (0.018) 0.475 (©.021)

ME  0.960 0.023) 0.952 0.025) 0.983 (0.005) 0.980 (0.006) 0.949 (0.014) 0.945 (0.016) 0.565 (0.065) 0.549 (0.064)

XE  0.655 0.021) 0.434 0.084) 0.855 0.006) 0.831 (0.018) - - - -

5 QME 0.865 (0.002) 0.752 (0.036) 0.950 (0.001) 0.909 (0.012) - - - -

ME  0.867 ©0.002) 0.827 (0.014) 0.952 0.001) 0.945 (0.001) - - - -

XE  0.889 (0.150) 0.813 (02120 0.834 (0.128) 0.668 (0.176) 0.887 (0.160) 0.840 (0.214) 0.689 (0.095) 0.674 (0.097)

1 QME 0.956 (0.039) 0.858 (0.152) 0.971 (0.009) 0.960 0.029) 0.943 (0.026) 0.923 (0.091) 0.800 (0.113) 0.807 (0.112)

ME  0.978 0.034) 0.973 0.040) 0.992 (0.004) 0.991 0.005) 0.982 (0.029) 0.982 (0.030) 0.844 (0.117) 0.839 (0.119)

Deep MILP XE  0.790 0.098) 0.748 0.121) 0.841 0.060) 0.724 (0.085) 0.857 (0.068) 0.821 0.065) 0.400 (0.031) 0.372 (0.027)

eep 2 QME 0.947 0.023) 0.846 (0.113)  0.979 (0.007) 0.910 0.055) 0.926 (0.020) 0.868 (0.085) 0.485 (0.024) 0.486 (0.026)

ME  0.955 0.024) 0.930 0.030) 0.983 (0.005) 0.975 (00100 0.942 (0.014) 0.870 (0.098) 0.608 (0.013) 0.598 (0.015)

XE  0.624 0.014) 0.500 0.0949) 0.799 0.017) 0.687 (0.069) - - - -

5 QME 0.850 (0.003) 0.649 0.068) 0.941 (0.003) 0.807 (0.040) - - - -

ME  0.852 0.002) 0.800 0.018) 0.944 (0.003) 0.919 (0.008) - - - -

XE  0.633 (0.182) 0.576 0.158) 0.539 (0.103) 0.520 (0.070) - - - -

1 QME 0.955 0.031) 0.896 (0.131) 0.986 (0.007) 0.952 (0.081) - - - -

ME  0.983 0.024) 0.966 0.037) 0.997 0.002) 0.984 (0.020) - - - -

CNN XE  0.568 0.110) 0.630 0.162) 0.675 (0.139) 0.638 (0.135) - - - -

2 QME 0.959 (0.017) 0.898 0.065) 0.992 (0.003) 0.945 (0.054) - - - -

ME  0.972 ©0.017) 0.926 0.047) 0.994 (0.003) 0.964 (0.040) - - - -

XE  0.625 (0.052) 0.493 (0.144)  0.901 (0.025) 0.776 (0.061) - - - -

5 QME 0.912 0.004) 0.790 (0.046) 0.986 (0.000) 0.909 (0.034) - - - -

ME  0.915 ©0.002) 0.791 0.083) 0.988 (0.001) 0.943 (0.034) - - - -




M e rg | N g FMNIST MNIST HAR Yeast

Model |R| Loss Logit Weight Logit Weight Logit Weight Logit Weight

X A70 (0 122
1 0 962 (0.035) O 868 ©.147 0. 984 (0.006) 0.973 ©.011) 0. 955 (0.023) O 954 ©0.041)  0.734 (0.127)
VIl 983 (0.029) 0.980 0.031) 0.992 (0.004) 0.991 (0.005) 0.982 (0.026) 0.983 (0.026) 0.844 (0.115) 0.843 (0.116)

XE 0.813 (0.093) 0.777 0.111)  0.852 (0.070) 0.831 (0.067) 0.870 (0.068) 0.864 (0.059) 0.439 (0.056) 0.419 (0.039)
0.953 0.021) 0.918 0.043) 0.982 (0.006) 0.963 (0.015) 0.937 (0.010) 0.919 (0.0200 0.474 (0.018) 0.475 (0.021)
ME  0.960 0.023) 0.952 0.025) 0.983 (0.005) 0.980 (0.006) 0.949 (0.014) 0.945 (0.016) 0.565 (0.065) 0.549 (0.064)

XE  0.655 0.021) 0.434 0.084) 0.855 0.006) 0.831 (0.018) - - - -

Shallow MLP

ik

5y If e R 5 QME 0.865 (0.002) 0.752 (0.036) 0.950 (0.001) 0.909 (0.012) - - - -
=y Y ME  0.867 ©0.002) 0.827 (0.014) 0.952 0.001) 0.945 (0.001) - - - -
y i = 1 XE  0.889 (0.150) 0.813 (02120 0.834 (0.128) 0.668 (0.176) 0.887 (0.160) 0.840 (0.214) 0.689 (0.095) 0.674 (0.097)
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Impact of IMP on weight-space merging

Pairwise merging in weight-space for
different architectures and cardinalities,
considering the FMNIST dataset
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Rewarded accuracy of ResNet18 on
FMNIST, MNIST and CIFAR-10 across
cardinalities, loss functions, and merge
strategies (logit vs. weight), with and without
IMP, confirming that our framework extends
to larger architectures.
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Mode connectivity

Following Frankle et al. and Lubana et al., we say that 8, and 6, are mode
connected along a path y(7) if:

Vi€ [0,1], L(f(D) < (1 = DLy (D)) + 1L (f,(D)) + ¢

0,+2t-6, ifr <0.5
}/61—>02(t) — i
20 =0-0,+0, ift>0.5
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* Can we train functional modules? Yes, through the MaxEnt principle.

« Can we compose them? Yes. For simple datasets, through Weight
Summation; for complex datasets, through Logit Averaging,
producing products of experts.
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