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Applications

Prediction of wireless channel realizations

Trajectory predictions in autonomous driving

Investment decisions

Recommendation systems
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Classical Results (1)

Optimal predictor:
b∗t (z1, . . . , zt−1) ∈ argminb∈B EP

(
ℓ(b,Zt)|Z1 = z1, . . . ,Zt−1 = zt−1

)
Learner’s prediction policy:
bt (z1, . . . , zt−1) ∈ argminb∈B EQ

(
ℓ(b,Zt)|Z1 = z1, . . . ,Zt−1 = zt−1

)
Performance measure: ∆ := 1

T

∑T
t=1

(
ℓ
(
b(Z1, . . . ,Zt−1),Zt

)
− ℓ

(
b∗(Z1, . . . ,Zt−1),Zt

))

Merhav-Feder 1998

If ℓ bounded in [0, L]: EP∆ ≤ L
√

D(P||Q)
2T .
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Classical Results (2)

Merhav-Feder 1998

If ℓ bounded in [0, L]: EP∆ ≤ L
√

D(P||Q)
2T .

Bound for divergence term

Assume P = Pθ0 where θ0 ∈ Θ with parametrized family (Pθ)θ∈Θ; Q :=
∫
Pθw(dθ).

If Z countable and w(θ) > 0 for all θ ∈ Θ: D (P||Q) ≤ − logw(θ0) (Hutter 2003)

If θ0 in support of w ; P i.i.d.: D (P||Q) = O(logT ) (Clarke & Barron 1990)

If θ0 in supp. of w ; P Markov w/ memory: D (P||Q) = O(logT ) (Atteson 1999)
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What About High Probability?

So we know: EP∆ → 0 as T → ∞.

OK, my T is large, but I’m only predicting one sequence!
How can I be sure the regret will be small?

Can I be confident that my average regret is smaller than ε?

∆ can be negative, so a bound in expectation does not guarantee that the average regret will
vanish during a single run!
Can we get bounds of the form P (∆ ≥ ε) ≤ δ?
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Theoretical Results

High-probability regret bound

P

(
∆ ≥ 2L

√
D(P||Q)

T · 1√
δ
+ 2

√
2L√
T

√
log 2

δ

)
< δ

Impossibility result

Let C ∈ (0,∞), β ∈ [0, 1/2), ε : N× (0, 1] → [0,∞). If ∀δ ∈ (0, 1]: ε(T , δ)
T→∞−−−−→ 0, then

there is a prediction problem, a Q, and a δ ∈ (0, 1) with

P

(
∆T
T ≥ C ·

√
D(P||Q)

T · 1
δβ

+ ε(T , δ)

)
≥ δ.
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Convergence Rates

Assume P = Pθ0 where θ0 ∈ Θ with parametrized family (Pθ)θ∈Θ; Q :=
∫
Pθw(dθ).

In expectation
(Merhav & Feder 1998)

With probability ≥ 1− δ
(our work)

Z countable (Hutter 2003) O(T−1/2) O(T )−1/2δ−1/2)

PN i.i.d. (Clarke & Barron 1990) O((T/ logT )−1/2) O((T/ logT )−1/2δ−1/2)
PN Markov with memory
(Atteson 1998)

O((T/ logT )−1/2) O(T/ logT )−1/2δ−1/2)
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Numerical Results

ℓ: Classification Loss, Z1, . . . ,ZT : Markov chain with 2 states and memory 3
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Conclusion and Future Directions

High-probability question conclusively answered for “standard” set of assumptions

Lemma seems to suggest that under suitable additional assumptions, it may be possible

to get
√
log 1

δ dependence?

Practical feasibility/tractability of analyzed algorithm
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