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Our Contributions
Interpret the K-means clustering problem as a smooth, unconstrained optimization problem

on a Riemannian product manifold.

We open possibilities for global convergence guarantees.

Second-order Riemannian algorithms can be implemented with linear per-iteration cost.

Our algorithm computes ε second-order optimal solutions in n · ε−3/2 · poly(r, d) time.

Background: K-means Clustering & SDP
K-means: partition n data points X1, . . . , Xn ∈ Rd into K disjoint clusters G1, . . . , GK , by

minimizing the distance between cluster points and cluster centroid.

However, solving the original K-means formulation is worst-case NP-hard; Requires heuristics

(e.g. Lloyd’s algorithm) or relaxation to solve.

A popular semi-definite programming (SDP) based relaxation [3] reads:

max
Z∈Rn×n

〈XX>, Z〉

s.t. Z1n = 1n,

tr(Z) = K,

Z � 0,

Z ≥ 0.

(1)

Consider the setting where data are generated by a Gaussian mixture model (GMM), i.e.

Xi
i.i.d.∼ N (µk, σ2Id), i ∈ G∗

k, (2)

It was shown in [2] that, if the centroids are sufficiently far away, (1) solves the K-means

problem with high probability.

Background: Riemannian Cubic-regularized Newton
Let M be a Riemannian manifold. To solve minp f (p) s.t. p ∈ M. One can iteratively solve the

cubic-regularized subproblem [4]:

min
Ap=0

g>p + 1
2
p>Hp + L

6
‖p‖3. (3)

g and H denote the vectorized Riemannian gradient and Hessian, and A implements the

tangent space constraint p ∈ Tan M.

For fixed L, (3) can be solved by finding an appropriate value λ > 0 for[
H + λI A>

A 0

] [
p
q

]
=
[
−g
0

]
.
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Reformulation

Solving (1) is not scalable since it has O(n2) variables.
Following [1], we factor Z = UU> into its n × r factor matrix U for rank parameter r ≥ K .

This gives

max
U

〈XX>, UU>〉 + µ1>
n log(U)1r

s.t. UU>1n = 1n,

tr(UU>) = K.

(4)

(4) can be seen is a restriction to (1). Under the exact-recovery separation conditions, (4) is

tight, meaning solving (4) is equivalent to solving K-means.

The constraint set

M := Mr =
{

U ∈ Rn×r : UU>1n = 1n, tr(UU>) = K
}

, (5)

is a manifold.

Solving (4) on M is still not scalable, due to the lack of an efficient retraction operator, which

must be called at every iteration to keep iterates feasible.

Product Manifold

We reformulate (4) by decomposing the variable U .

Consider the product manifold M̃ = V × Or, where

V =
{

V ∈ Rn×(r−1) : 1>
n V = 0, tr(V V >) = K − 1

}
and

Or =
{

Q ∈ Rr×r : QQ> = Ir

}
.

Let ϕ : M̃ → M be defined by

ϕ(V, Q) :=
[
1̂n V

]
Q,

where 1̂n := n−1/21n. Then M = ϕ(M̃). Moreover, ϕ is a submersion.

Hence, instead of solving (4), we equivalently solve

max
V,Q

〈XX>, V V >〉 + µ1>
n log

(
ϕ(V, Q)

)
1r

s.t. 1>
n V = 0,

tr(V V >) = K − 1,

QQ> = Ir.

(6)

The product manifold M̃ admits a simple second-order retraction via its Euclidean projection.

That is,

R(V,Q)(V̇ , Q̇) =
[
ΠV(V + V̇ ) ΠOr

(Q + Q̇)
]

,

where

ΠV(V ) =
√

K − 1 V − n−11n1
>
n V

‖V − n−11n1>
n V ‖

, ΠOr
(Q) = (QQ>)−1/2Q.

The retraction above costs O(nr + r3) time to evaluate.

Efficient Implementation

We solve (6) by Riemannian cubic-regularized method, for which we show that the Newton

subproblem can be solved in linear time.

After vectorizing the objective and constraints, solving (6) requires us to repeatedly solve a

complex linear system.

After careful analysis, we arrive at needing to solve D11 K12 B
K21 K22 0

B> 0 I

 v̇
q̇
z

 =

 b1
b2
0

 ,

where D11 has low-rank structure allowing for efficient computation.

In total, it takes O
(
nr3(d + r) + r6 + r3d3) to solve the system.

Simulation: Convergence Behavior

0 250 500 750
Iterations

10−10

10−6

10−2

102

Global Suboptimality

0 250 500 750
Iterations

10−6

10−3

100

103

106
Gradient Norm

0 250 500 750
Iterations

−400

−200

0

200

Minimum Hessian Eigenvalue

Figure 2. Local convergence to second-order critical points yields global optimality (for GMMs). This provides strong

numerical evidence that near-second-order critical points are near-globally optimal.

Simulation: Comparison with Other Clustering Methods
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Figure 3. Real-world benchmark on CyTOF data (n = 1800). We compared our method to NLR [5], the previous

state-of-the-art, as well as classical approaches including Spectral Clustering, Non-negative Matrix Factorization, and

K-means++. Our method and NLR achieve the most consistently accurate clustering, with the smallest variance and

the fewest outliers (left), but we outperform NLR in ground truth recovery (right).

Simulation: Computational Cost
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Figure 4. Comparison with NLR on GMM (n = 100). Our second-order method reaches optimality in 152 iterations,

while NLR needs 80k. Even though each second-order iteration costs ≈25–100 NLR steps, the total runtime is still

two to four times shorter.

Simulation: Computational Cost
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Figure 5. Average per-iteration runtime versus r and d (n = 1000). The measured runtimes exhibit approximately O(r3)
and O(d) scaling (dashed lines). Because n dominates as a leading constant, the contributions of the r6 and r3d3 terms

are not noticeable until r and d are extremely large.
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