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Background
• Sparse autoencoders (SAEs) are widely used to interpret internal features of

LLMs and VLMs.
• Under the superposition hypothesis, observed polysemantic features are

linear mixtures of latent monosemantic features.
• Key question: when does reconstructing polysemantic inputs actually recover
the ground-truth monosemantic features?

Our Contributions
• First closed-form theoretical analysis of SAE feature recovery under the

superposition hypothesis.
• Standard SAEs generally fail via feature shrinking and feature vanishing unless

the true features are extremely sparse.
• Propose a reWeighted SAE (WSAE) and derive a principled weight-selection

rule that improves ground-truth reconstruction.
• Validate the theory on synthetic data and on pretrained language and vision

models.

Mathematical Formulations
Notations. 𝑥: ground-truth monosemantic feature; 𝑥! : superposed polysemantic feature; 
𝑥" : SAE latent. We assume 𝑛 > 𝑛! and 𝑛" > 𝑛!

Superposition of features

Sparse autoencoder

SAE reconstruction

Feature recovery

Sparsity assumption. Each dimension 𝑥# > 0 with probability 1 − 𝑆 and 𝑥# > 0 with 
probability 𝑆. Extreme sparsity indicates 𝑆 → 1.

Main Theoretical Results

Reconstruction Gap
Ideally, the goal is to optimize the ground truth reconstruction loss

• Assign weights near 1 to monosemantic dimensions (small off-diagonal interference).
• Assign smaller weights to polysemantic dimensions to suppress negative interference.
• In experiments, variance/semantic consistency serves as proxy for monosemanticity.

Experimental Verification

~: equivalence in sense of reordering and zero-padding 

SAE FAILS 
UNLESS THE 
GROUND TRUTH 
IS EXTREMELY 
SPARSE

✅ SAE has closed-form solution 𝑊#∗ ∼ 𝑊%&

Failure Example 1 (Feature shrinking)

❌ The superposed feature dimensions shrink after SAE recovery.
❌ The top activated dimension changes because of feature shrinking.

Failure Example 2 (Feature vanishing)

❌ When feature shrinking is severe enough, some features even completely vanish.

✅ SAE recovers ground truth 𝑥 when it is extremely sparse (𝑆 → 1)
❌ but SAE fails in general cases

Reweighted Remedy (WSAE)
Narrow the reconstruction gap by adding weights.

There is a gap between SAE reconstruction and GT reconstruction


