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Frank-Wolfe (FW) Algorithm [Frank and Wolfe, 1956]
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min - f(z)
where P C R" is compact and convex

Fast even if computing projection is not easy
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Contributions 2/8

Propose FW algorithm with adaptive Bregman step-size strategy

Assumptions Convergence rate

FW fconvex fgrowth a*€intP P polytope L-smooth L-smad

any convex X X X O(e D) O(e=1/Y)
adaptive  convex q-HEB v X O(loge™!) O(loge™1)
AFW convex ¢-HEB X v O(loge™)  O(loge™ 1)
any weak 2-HEB' x X O(e™h) O(e~1/7)
adaptive  weak 2-HEB' v X O(loge™) O(loge™t)
AFW weak 2-HEB' X v O(loge™) O(loge™1)
any 4 4 X X O(e?) O(e1-1/v)

@ Nonconv. (Vf(z;),z; — v) < ¢ (weakly) convex f(z;) — f(a*) <e
@ HEB: Holder error bound; AWF: away-step FW algorithm

TAssume local 2-HEB




Adaptive Bregman Step-Size Strategy 3/8
Bregman distance: D (z,y) := ¢(z) — ¢(y) — (Vo(x),x — y); ¢ is strictly convex
L-smad &€& 37 > 0 such that Lo — f, Lo+ f are convex
= |f(x) = fy) = (Vfy), 2 —y)| < LDy(x,y)
— f(2) = (1 =)z +70) = WV (@), 2 —v) = Ly Dy(v,z) (1)

-~~~

oy = ([0 )

1 Procedure step_size(f, d,z,v, L, Ymax)

2 Choose s € (0,1),n€ (0,1], 7> 1

3 K+ 1, M + n[~/

4 while f(z) — f((1 =)z +7v) <YV f(z),z —v) = My Dy(v,z) do

1
5 Y min { (A}(vl—{—(:))g¢_(;),>:v)) " 77max}
M <« 1M, Kk < Bk
L*« M, 7" + &
8 return L*, i*, v
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Away-Step FW (AFW) Algorithm with Bregman Distance 4/8
FW zigzags near optimal face; AFW avoids zigzagging [Wolfe, 1970]
1 S(] — {ﬂfo}, /\mo’g +—1
2 fort=0,...do
3 oMW argmin, p(Vf(2),v)
4 vl + argmax,cs, (Vf(z:),v)
s if(Vf(z), 2 — oMY > (Vf(xy), v — 2;) then
6 Vp — vtFW, dy < x4 — vtFW, Ve, max < 1 > Frank-Wolfe step
7 else
A
8 vy 4= U, dyp < VN — Tty Vemax 1:;?’: > Away step

. 1/v
. Vf(xt),d
9 Ve nun{ (%) ,-”/’t.max}

10 Tl Ty — Yedy
11 Update the active set S,




Convex Optimization: Linear Convergence 5/8

Assume f convex & ¢ strictly convex & (f, ¢) is L-smad

Theorem (Linear Convergence (Inner Optimum))
f is g-Holder error bound (HEB) & B(z*,r) C P

maX{H%,l —a}t_l LD? ifg=1+v
f(.’L't)—f*S LD2/(].+V)t_1 |f1§t§t0,q>1+V
O(1/tra/la=1=v)) ift >t,9g>1+v

1+1/v
Where o = H%W, C = (Q//,L>1/q, to S N

Theorem (Linear Convergence (AWF))

fis ¢-HEB & ¢ strongly convex & P polytope

2\ [6-1)/2] ,
* (L—gﬁgﬁ LD if (v,q) = (1,2)
flae) = " < § LD?)(1 4 v) =D/ if1<t<ty,qg>1+v

O(1/tva/la-1-v)) ift>t,g>1+v




Weak Convexity and Local Quadratic Growth 6/8

O(e?) for nonconvex [Lacoste-Julien, 2016]; O(e~*~'/¥) for L-smad nonconvex

I is weakly convex & local quadratic growth —> Local linear convergence

Definition (Weakly Convex & Local Quadratic Growth)

® f is p-weakly convex &ty 3p > 0 such that f + £]| - ||* is convex
@ f is local quadratic growth &L Ju > 0 such that

dist(z, X*)2 < %(f(x) — 1), Veelf<f+dnP )
— f(@) = Smax(Vf(a),x —v) + 5lle — |
| S —
<E(f(z)—1)
(1 - 3) (f(z) — %) < max(V f(2), 2 — v)
: Primal gap \UEP g

FW‘ga p



Nonconvex Optimization: Local Linear Convergence 7/8

f is p-weakly convex & local quadratic growth; M := (L(1 + v))Y/”

Theorem (Local Linear Convergence (Inner Optimum))
B(x*,r) C P&p/u<1

141 /0 t—1 X
max {1+ £,1- 1+VW1V/DWV} LA i =1
* t—
fla) — f* < (1+y(1+_e)) LD? if1<t<tyve(01)
O(1/¢2/4-v) ift > to,v € (0,1)

Theorem (Local Linear Convergence (AFW))

¢ strongly convex & P polytope & p < u < L

[-1)/2] ,
(1- G2 s LD?  ifv=1

. [(t-1)/2]
flz) = f* < 2(117(1+%e)) LD? if1<t<tyve(01)

O(1/t%/0-v)) ift >y, €(0,1)




Numerical Experiments 8/8
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Figure 1: 7, Loss Problem: Gas Sensor Data Figure 2: Phase Retrieval

® BregFW: Proposed

® EucFW [Pedregosa et al., 2020]: search L, then v, = &/&do
® ShortFW: ;, = %

® OpenFW: v, = ;2

2+t
® ProjGD: Projected gradient descent



References i 1/1

[Frank and Wolfe, 1956] Frank, M. and Wolfe, P. (1956).
An algorithm for quadratic programming.
Nav. Res. Logist. Q., 3(1-2):95-110.

[Lacoste-Julien, 2016] Lacoste-Julien, S. (2016).
Convergence rate of Frank-Wolfe for non-convex objectives.
arXiv preprint arXiv:1607.00345.

[Pedregosa et al., 2020] Pedregosa, F., Negiar, G., Askari, A., and Jaggi, M. (2020).
Linearly convergent Frank-Wolfe with backtracking line-search.
In Proceedings of the 23rd International Conference on Artificial Intelligence and Statistics, volume 108 of PMLR,
pages 1-10.

[Wolfe, 1970] Wolfe, P. (1970).
Convergence theory in nonlinear programming.
Integer and nonlinear programming, pages 1-36.



	Introduction
	Adaptive Bregman Step-Size Strategy
	Convex Optimization
	Nonconvex Optimization
	Numerical Experiments
	Appendix
	References


