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Frank–Wolfe (FW) Algorithm [Frank and Wolfe, 1956] 1 / 8

min
x∈P

f(x)

where P ⊂ Rn is compact and convex

Fast even if computing projection is not easy
vt ← argmin

v∈P
⟨∇f(xt), v⟩, xt+1 ← (1− γt)xt + γtvt, γt ∈ [0, 1]

P
f

−∇f(xt)

vtxt+1

xt
x∗
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Propose FW algorithm with adaptive Bregman step-size strategy

Assumptions Convergence rate

FW f convex f growth x∗ ∈ intP P polytope L-smooth L-smad

any convex 8 8 8 O(ϵ−1) O(ϵ−1/ν)
adaptive convex q-HEB 4 8 O(log ϵ−1) O(log ϵ−1)
AFW convex q-HEB 8 4 O(log ϵ−1) O(log ϵ−1)

any weak 2-HEB1 8 8 O(ϵ−1) O(ϵ−1/ν)

adaptive weak 2-HEB1 4 8 O(log ϵ−1) O(log ϵ−1)

AFW weak 2-HEB1 8 4 O(log ϵ−1) O(log ϵ−1)

any 8 8 8 8 O(ϵ−2) O(ϵ−1−1/ν)

•Nonconv. ⟨∇f(xt), xt − vt⟩ ≤ ϵ; (weakly) convex f(xt)− f(x∗) ≤ ϵ

•HEB: Hölder error bound; AWF: away-step FW algorithm

1Assume local 2-HEB



Adaptive Bregman Step-Size Strategy 3 / 8
Bregman distance: Dϕ(x, y) := ϕ(x)− ϕ(y)− ⟨∇ϕ(x), x− y⟩; ϕ is strictly convex

L-smad def.⇐⇒ ∃L > 0 such that Lϕ− f, Lϕ+ f are convex
⇐⇒ |f(x)− f(y)− ⟨∇f(y), x− y⟩| ≤ LDϕ(x, y)

=⇒ f(x)− f((1− γ)x+ γv) ≥ γ⟨∇f(x), x− v⟩ − Lγ1+νDϕ(v, x)︸ ︷︷ ︸
max at γ̃ =

(
⟨∇f(x), x− v⟩
L(1 + ν)Dϕ(v, x)

)1/ν

(1)

1 Procedure step_size(f, ϕ, x, v, L̃, γmax)
2 Choose β ∈ (0, 1), η ∈ (0, 1], τ > 1

3 κ← 1, M ← ηL̃
4 while f(x)− f((1− γ)x+ γv) < γ⟨∇f(x), x− v⟩ −Mγ1+κDϕ(v, x) do

5 γ ← min
{(

⟨∇f(x),x−v⟩
M(1+κ)Dϕ(v,x)

) 1
κ
, γmax

}
6 M ← τM , κ← βκ

7 L̃∗ ←M , ν̃∗ ← κ

8 return L̃∗, ν̃∗, γ



Away-Step FW (AFW) Algorithm with Bregman Distance 4 / 8

FW zigzags near optimal face; AFW avoids zigzagging [Wolfe, 1970]

1 S0 ← {x0}, λx0,0 ← 1
2 for t = 0, . . . do
3 vFWt ← argminv∈P ⟨∇f(xt), v⟩
4 vAt ← argmaxv∈St

⟨∇f(xt), v⟩
5 if ⟨∇f(xt), xt − vFWt ⟩ ≥ ⟨∇f(xt), v

A
t − xt⟩ then

6 vt ← vFWt , dt ← xt − vFWt , γt,max ← 1 ▷ Frank–Wolfe step
7 else
8 vt ← vAt , dt ← vAt − xt, γt,max ←

λ
vAt ,t

1−λ
vAt ,t

▷ Away step

9 γt ← min
{(

⟨∇f(xt),dt⟩
L(1+ν)Dϕ(vt,xt)

)1/ν

, γt,max

}
10 xt+1 ← xt − γtdt
11 Update the active set St



Convex Optimization: Linear Convergence 5 / 8

Assume f convex & ϕ strictly convex & (f, ϕ) is L-smad

Theorem (Linear Convergence (Inner Optimum))

f is q-Hölder error bound (HEB) & B(x∗, r) ⊂ P

f(xt)− f ∗ ≤


max

{
1

1+ν
, 1− α

}t−1
LD2 if q = 1 + ν

LD2/(1 + ν)t−1 if 1 ≤ t ≤ t0, q > 1 + ν

O(1/tνq/(q−1−ν)) if t ≥ t0, q > 1 + ν

where α = ν
1+ν

r1+1/ν

c1+1/νD2/ν , c = (q/µ)1/q, t0 ∈ N

Theorem (Linear Convergence (AWF))

f is q-HEB & ϕ strongly convex & P polytope

f(xt)− f ∗ ≤


(
1− µ

32L
δ2

D2

)⌈(t−1)/2⌉
LD2 if (ν, q) = (1, 2)

LD2/(1 + ν)⌈(t−1)/2⌉ if 1 ≤ t ≤ t0, q > 1 + ν

O(1/tνq/(q−1−ν)) if t ≥ t0, q > 1 + ν
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O(ϵ−2) for nonconvex [Lacoste-Julien, 2016]; O(ϵ−1−1/ν) for L-smad nonconvex

f is weakly convex & local quadratic growth =⇒ Local linear convergence

Definition (Weakly Convex & Local Quadratic Growth)

• f is ρ-weakly convex def.⇐⇒ ∃ρ > 0 such that f + ρ
2
∥ · ∥2 is convex

• f is local quadratic growth def.⇐⇒ ∃µ > 0 such that

dist(x,X ∗)2 ≤ 2

µ
(f(x)− f ∗), ∀x ∈ [f ≤ f ∗ + ζ] ∩ P (2)

=⇒ f(x)− f ∗ ≤ max
v∈P
⟨∇f(x), x− v⟩+ ρ

2
∥x− x∗∥2︸ ︷︷ ︸

≤ ρ
µ
(f(x)−f∗)

∴
(
1− ρ

µ

)
(f(x)− f ∗)︸ ︷︷ ︸

Primal gap

≤ max
v∈P
⟨∇f(x), x− v⟩︸ ︷︷ ︸

FW gap



Nonconvex Optimization: Local Linear Convergence 7 / 8

f is ρ-weakly convex & local quadratic growth; M := (L(1 + ν))1/ν

Theorem (Local Linear Convergence (Inner Optimum))

B(x∗, r) ⊂ P & ρ/µ < 1

f(xt)− f ∗ ≤


max

{
1
2
+ ρ

2µ
, 1− ν

1+ν
r1+1/ν

Mc1+1/νD2/ν

}t−1

LD2 if ν = 1(
1

1+ν

(
1 + νρ

µ

))t−1

LD2 if 1 ≤ t ≤ t0, ν ∈ (0, 1)

O(1/t2ν/(1−ν)) if t ≥ t0, ν ∈ (0, 1)

Theorem (Local Linear Convergence (AFW))

ϕ strongly convex & P polytope & ρ < µ ≤ L

f(xt)− f ∗ ≤


(
1− (µ−ρ)2

32µL
δ2

D2

)⌈(t−1)/2⌉
LD2 if ν = 1

2
(

1
1+ν

(
1 + νρ

µ

))⌈(t−1)/2⌉
LD2 if 1 ≤ t ≤ t0, ν ∈ (0, 1)

O(1/t2ν/(1−ν)) if t ≥ t0, ν ∈ (0, 1)
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Figure 1: ℓp Loss Problem: Gas Sensor Data Figure 2: Phase Retrieval

•BregFW: Proposed
• EucFW [Pedregosa et al., 2020]: search L, then γt =

⟨∇f(xt),xt−vt⟩
L∥xt−vt∥2

• ShortFW: γt = ⟨∇f(xt),xt−vt⟩
L∥xt−vt∥2

•OpenFW: γt = 2
2+t

• ProjGD: Projected gradient descent
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