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Problem Setup

We consider the stochastic convex optimization problem

min £(z),

zERC

e Landscape: function f is convex and L-smooth
e Oracle: for given z € R? returns stochastic gradient V f¢(x)
e Standard example: f(z) = E¢op|fe(2)], fe(x) — loss on the data sample &

Assumptions:
e Al: fis L-smooth, i.e., Yo,y € R? ||Vf(z) — Vf(y)| < L||x -l
e A2: fis convex, i.e., Yo,y € R f(y) > f(z) +(V ( ),y
e A3:Vz e R? E[Vfe(z)] = Vf(z) and E[|Vfe(z) — Vf(x )H ] < 0% with
€ (1,2]

Why Heavy-Tailed Noise?
Heavy tails:
E(IVf(z, ) = V@) <o
v Observed for image classification: Simsekli et al. (2019) [1]
v Validated for large language models (LLMs): Zhang et al. (2020) [2]

with a € (1,2).

v Appears in reinforcement learning (RL): Garg et al. (2021) [3]

® Less restrictive than the classical assumption on light-tailed stochasticity [4], which
is often unrealistic in practice:

E [exp (IVfe@)=VF(@)I*/5?)] < exp(1)

Gradient Clipping: Tool for Handling Heavy-Tailed Noise

We investigate the following algorithm:

At

Te41 = Te — NGty Gt = min{ ||Vf5( Il } V fe, (x1) (Clip-SGD)

Intuition: clipping prevents SGD from large steps induced by large noise [2, 5]
v Has been extensively studied [2, 5, 6, 7|

Motivation

v/ Last-iterate convergence is more relevant in practice

X High-probability last-iterate guarantees for Clip-SGD under heavy-tailed noise have
not been established previously.

“ Almost all high-probability convergence results are established for constant stepsize
that depend on the total number of iterations — can one develop a horizon-free
analysis?

9 Can one derive in-expectation bounds from a high-probability analysis for
methods with bounded updates?

Motivated by this, we present our main results!
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¢ High-probability convergence

e Last-iterate bound

Savelii Chezhegov
Daniella A. Parletta
Andrea Paudice
Eduard Gorbunov

Convergence Guarantees and Technical Novelty
Main result: High-probability bounds

With appropriate choice of stepsizes v, and clipping thresholds g, one can derive

LR? D
f( ) f - < KO + KQ(a—l)/3a)

with probability at least 1 — 4.

® Convergence rate O (m) is suboptimal — interesting question for the future
research
Highlights of the proof

e Potential function
Oy = di(f(zr) — f*) + Ly — 2*|%,

e Horizon-free choice of parameters:

dgy1 = dg + 2L, do=0

'yk,Ak ~ K VS. ’)/k,)\k ~ k

e Modified clipping threshold: Ay ~ ﬁ — new dependency for convex case
e Modified induction step:

Core changes

— T

Logarithmically expanding compact set

Failure probability at step k ~ }—>

Additional result: In-expectation convergence
Key idea: high-probability bounds 4+ bounded steps = in-expectation results!

E[Criterion(K)] < (1 — §)(High-prob bound) + §(bounded steps) for every §

With certain choice of stepsizes 7, clipping thresholds A\ and J, one can derive

K T Fele-D/3a

. ~ ( LR? D
Elf (o) - 1] = 6 ( 8 )
Experiments
@ Setup: logistic/linear regression and statistical learning
@ Noise is sufficiently heavy-tailed in this case (validated in the paper)

v Last iterate is better and easier to estimate than the average iterate

1004 Average Average 3x10°] & Average
- Last iterate 100 - Last iterate R e Last iterate

2x10°

Objective value

=
=3

o 200 400 600 800 1000 0 200 400 600 800 1000

Figure 1: Logistic loss  Figure 2: Quadratic loss  Figure 3: Statistical loss
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