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Background: LLM Reasoning “5 ICLR

Step-by-Step Reasoning

* LLM derive final answers through explicit step-by- —_—
Step reasonlng Reasoning chain

LLM _____ ____
chain

Input — Step; — Stepy — - -+ — Step,, — Answer

Verifiable Reward
* Checking model outputs against ground-truth.

* Rely on ground-truth, whose acquisition is costly. Brgblem i
. . . .. Question: Two trains running in opposite directions cross a
° Spa 'se rewa rdS, |aCkIﬂg flne—gralﬂed Su perV|Slon_ man standing on the platform in 27 seconds and 17 seconds

respectively and they cross each other in 23 seconds. The ratio
of their speeds is:
Options: A) 3/7 B)3/2 C)3/88 D)3/8 E)2/2

Rationale: Let the speeds of the two trains be x m/sec and y
P Frocess Rewa I’d M Od e IS m/sec respectively. Then, length of the first train = 27x meters,
_ ) o and length of the second train = 17 y meters. (27x + 17y) / (x +

* Provide granular feedback at individual steps. S —— L

Correct Option: B




Limitations of Existing PRMs “5 ICLR

Isolated step modeling
* Each step evaluated independently.
* [gnores sequential dependency

Limited outcome awareness
* Process rewards not aligned with final correctness.

Ambiguous credit assignment
* Imprecise rewards make optimization prone to reward hacking.



Conditional Reward Modeling

Key idea

* Framing reasoning as a temporal process through which an
LLM progressively approaches the correct final answer.

* Condition each step on previous steps.

* Explicitly link each step to final outcome.
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Conditional Reward Modeling

Defining the Wrong State
* Reasoning trajectory can no longer yield the correct answer.

Z I1s the index of the first wrong step.

p(z) denotes the probability of a wrong state occurring at step z.
W (t) denotes the probability that a wrong state has already occurred at or before step t.
S(t) denotes the probability of maintaining correct reasoning up to step t.

t

Wi(t) = Pr(z < 1) = 3 p(2)

=l
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Conditional Reward Modeling

Conditional Dependency

* h(t) denotes the probability that step t enters a wrong state, given all previous
steps were correct.

_ Pr(z =t) _ p(t)
Pr(z>t) S(t-1)

h(t) = Pr(z =t|z > t)

Chain rule of probability

* Establish relationships among the variables.
t

S(t) =Pr(z>1t) = [ (1 - h(k))

k=1
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Conditional Reward Modeling

Obtaining Process Rewards

* Applying Potential-Based Reward Shaping (PBRS) yields a dense, step-wise reward
mathematically tied to the outcome:

ry = log(1 — h(t))

* The final correct outcome probability S(T) (where T is the total number of steps)
equals the product of exponentiated step-wise rewards.

S(T) = [T,_.(1 — h(t)) = TI,_, "

* Explicitly modeling the relationship between process rewards and outcome.
* Resolving credit assignment ambiguity.



Conditional Reward Modeling

104 oo 1.0
. . . = ——= S(b) \\\ Ls s
Training Objectives 5051 i £A$ 052
* Conditional reward model (CRM) is trained to predict A(t). Lwl oo

z T
Index of Reasoning Steps

* Maximize Success: For correct trajectories, we maximizes the probability of reaching
the correct answer i.e. S(T).

Ls(zi,y:) = —logPr(z; > T) = —log S(T) = — log []T_[u — h(t))]
=
* Minimize Failures: For flawed trajectories, we minimize S(T).
L (zi,y;) = —log Pr(z; < T) = —log(1 — S(T)) = —log [1 - tf[la — h(t))]
* Pinpoint Errors: Maximizes the probability of the wrong state occurring at step z.
L. (i 1) = —log Pr(z) — — log p(z) = — log [h(zi) To- h(t))]

t=1
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Experiments

Best-of-N Sampling

Best-of-N sampling generates N responses for a given question and selects the optimal one using a reward
model.

Table 1: Best-of-N accuracy across models. Bold and underlined values denote the top two results.

GSM-Plus MATHS500
Model Meth

odels etlods @8 @16 @32 @64 @128 | @8 @16 @32 @64 @128

Major@N 663 656 647 642 642 | 462 460 452 450 4438

Pass@N (Oracle) 792 812 822 833 855 | 738 792 846 874 902

ORM 668 672 664 657 657 | 516 514 518 490 492

owenzs.  PRM 676 619 617 669 667 | 542 552 552 542 546

B PQM 685 692 685 682 680 | 532 544 548 548 558

IPRM 655 662 668 665 662 | 524 520 520 522 530

CRM (ours) 678 686 679 684 687 | 530 564 566 558 56.6

ORM 669 674 611 672 666 | 474 464 446 452 456

Lavasr. PRM 67.9 632 685 688 689 | 480 480 498 490 47.6

‘B PQM 664 670 662 665 672 | 51.0 514 488 49.0 484

IPRM 651 643 639 635 637 | 484 458 442 460 4538

CRM (ours) 678 688 69.1 686 685 | 494 50.6 50.6 498 50.6

Key Finding
* CRM demonstrates stronger trajectory-level selection in Best-of-N sampling.



Experiments

Beam Search

A ICLR

For each question, beam search initiates by sampling N responses. Subsequently, a beam of b candidates
with the highest rewards is maintained and expanded during the generation process.

Table 2: Beam Search accuracy on MATH500 and Gaokao2023.

MATHS00 GAOKA02023
Mgdds  ESGds N=4 N=8 N=20 N=100 | N=4 N=8 N=20 N=100
ORM 5073 5480 5680 5807 | 3558 38.18 3844  40.17
Owenz.s. PRM 5180 5573 5687  S800 | 3472 3784 3870 3896
ek pQM 5267 5660 5887 5880 | 3688 3861 4061  39.83
IPRM 4427 4727 4833 4147 | 3255 3446 3532 3455
CRM (ours) 54.07 5840 6100  63.00 | 3870 3974 4104  43.55
ORM 5187 5767 5947 6073 | 3749 4026 4407 4372
Owenzs. PRM 5213 5567 5993 60.13 | 37.58 4052 4104 4381
e PQM 5273 5787 5920 6113 | 37.84 4061 4260 4329
IPRM 4953 5407 5420 5260 | 3567 3853 4026  30.57
CRM (ours) 56.07 60.60 6287  64.07 | 3983 4277 4649  48.40
ORM 3813 3880 3893 3667 | 2563 2693 2935 2762
Lamazp. PRM 3787 3067 4013 3953 | 2684 28.66 2797 2797
madl- pom 3920 4047 4100 4127 | 2658 2771 2831 2823
IPRM 3707 3867 3713 3413 | 2649 2589 2615 2442
CRM (ours) 4020 4100 4207 4100 | 2693 2840 2874  29.96

Key Finding
CRM provides effective and consistent step-level guidance for beam search.



Experiments

RL Optimization

The reward model provides step-level dense rewards to guide the policy model toward generating
Improved reasoning trajectories.

Table 3: Pass@]1 accuracy evaluated on six mathematical reasoning benchmarks.

A ICLR

VR from outcome MATH Minerva Olympiad
ground-truth Method 500 Math Rondhi AIME25 AIME24 AMC23

PURE 76.0 30.8 36.7 13.3 26.6 70.0

VR Disabled PRM 71.6 36.3 325 13:3 10.0 57.5
PQM 72.0 34.1 343 13.3 13.3 52.5
CRM (ours) 77.8 40.0 39.3 233 43.3 67.5
Prime 81.2 294 40.8 16.6 26.6 72.5

VR Enabled PURE 824 40.0 41.3 23.3 23.3 70.0
VR 76.2 38.6 38.0 16.6 30.0 62.5
CRM + VR 80.4 43.0 42.1 26.6 33.3 72.5

Key Finding

CRM boosts RL performance without VR (Verifiable Reward).



3 ICLR

Take-away

Main takeaway messages
* CRM frames LLM reasoning as a temporal probabillistic process.

* CRM explicitly models the causal dependencies between steps and links process to the
outcome.

* CRM is robust to reward hacking.

* Experiments across Best-of-N sampling, beam search, and RL demonstrate that CRM
consistently outperforms strong baselines.

G

https://foundation-model-research.github.io/CRM/



