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Bridge Problem, Schrodinger Bridge, and More

Bridge problem:

Find (NNet) v, (%) s.t Schrodinger bridge: Generalized Schrédinger bridge:
';v_ify _ S d > dw min KL(P?||P°) s.t. Additional obstacles to avoid, or
1dxe = ve(xg)dt + odWy, xo ~ o PY transports Ty to T; preferred regions along the paths

satisfies: P (x1) = m1(x7)

Eg, Flow-matching is one way to solve it
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GSBMU Algorithm

(Step 1)
Define coupling

(Step 2)
Find pinned SDEs
for pinned marginals

(Step 3)
Reciprocal-Markovian
projection

Q(xg,x1) = PY(xq|x0)mo(xg) (from previous model v = vy)
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“CondSOC”
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Task-specific path

cost expressed in Vi (x;) (Eg, no path cost (V' = 0) makes DSBM?])

0 < argm@in [Et,Q(xo,xl)Pt(xt|xo,x1) | |at(xt|x01 xl) — Vg (t: xt)llz

[1] Generalized Schrodinger Bridge Matching, Liu et al. ICLR 2024
[2] Diffusion Schrédinger Bridge Matching, Shi et al. NeurlPS 2023




CondSOC as Pinned Path Marginal Optimization

For each (xg, x1) ~current Q(xg, X1)
(CondSOC optim = Find the best Gaussian pinned path marginal)

. . : . X0,X 1
Pinned marginal path o min J(R7H W) = fo Ep, (x;xcgxp) 1@ (Xe | X0, X1 |7 + Vi (x¢)]dt

P.xO'xl
X0X1 __
F. = {Pe(x¢|x0, 1)} oy
a;(x;|xg, x1) derived from P,°"" as:

dx; = as(x¢|xg, x1)dt + adW; has marginals Ptxo’x1 (x¢)

Known fact:
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the marginal becomes P, (x|xq, x1) = N (x; e, vZ1)



Motivation

* In GSBM, CondSOC optimization as "deterministic optimization”
* Pinned marginal (U, y¢) parametrized by splines

* Possible extensions?

* V:(x;) is deterministic, noise-free. What if noisy, stochastic Iy (x;)?
* More flexible path modeling beyond splines?

e Qur proposal
* Gaussian process path modeling: (U¢, Y¢) as random functions of time

* GP can deal with uncertainty/noise in stage cost V; (x;)
* Denoted by GP-GSBM



GP-GSBM: Key Idea
* Impose a GP prior on pinned path marginal P, (ie, GP(u.), GP(y.))

* Express prior preference on P, (eg, smooth, close to SB path)

* CondSOC objective as “likelihood” of path P,
* How compatible a path P, is with the stage penalty/preference 1/,

argn}}n ](P., V-) T Tlog?prior (P-) = argn})ax :Pprior (P-) ) exp(—](P.; V-)/T)

Prior Likelihood

* MAP -> Bayesian Posterior

SDpost(P-) X ?prior(P-) - exp(—J(P; V) /7)



GP-GSBM: Variational Posterior and VI

* Sparse variational free-energy posterior model Q(P) = | Q(P,)Q(P.|P;)du;
Q(u.) = fQ(.uZ)Q(H-l.uZ)d.qu Q(uz) = N (uz; CH,S*)

Inducing inputs & variables: Z = (t1,.,ty) 0 <ty <. <tp, <1, pz = [He,, e, ]’

Eqlte] = My + Ly zL75(C — My)

Q(u,) is GP: 1 a1 1
Covg (Us)the) = Lgg — LszL775Lz 7Lzt — LszLz 7Lz

(Similarly fory.)
* ELBO Learning: /r\nnir% Egpy (P V) /T] + KL(Q(P)||Pprior (P.))

A = {CH*,S*,CY,SY} = variational params, 7 = prior/kernel params, T = likelihood params



Our GP-GSBM Algorithm

Our GP-GSBM ; GSBMI!
(Step 1) Q(xg,x1) = PY0(x1|x0)mo(x0) Q(xo,x1) = P06 (x1|x0)7o(%0)
5\1}11;'1'% IEQ(p.)U(P.; V-)/T] + KL(Q(Po)”:PpTlOT(Po)) i IJI]}/I’I](P,, I/.) = fol[E[l |at(xt|x0, x1)||2 + Vt(xt)]dt
(Step 2) : ve o2 N - ye o>
ap(x|xg,x1) = pe + (V_t - ﬁ)(x — Ut), ap(x|xo,x1) = pe + (V_t - m)(x — Ut),
Sample u,,y.~Q(P.,)
(Step 3) mgn E tomox) |lae(xelxo, x1) — vo(t, x)||? mein E to@ox) Iae(xelxo, x1) — vg(t, x)||*

xe~N (e VED i xe~N (G YED



Summary:
" . " - Our GP-GSBM: treat V;(x) as noisy stochastic
EX p erimen tS . I—I DA R - GSBM: treat V;(x) as noise-free deterministic

- DSBM: Ignores V;(x)

Goal: Transport red points y(x) to blue ones ;(x,),
staying close to surfaces and as low altitudes as possible

Noisy setting:
_ 2
Vi(x) = [Ty (x) — x|[* + exp(Mp (x)[z7) Random noise injected to projected points
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DSBM GP-GSBM (Ours)  Stream-level GP GSBM GP-GSBM (Ours)
CondSOC objective attained | DSEM | GSBM | GP-GSBM (Ouks)

i NOISE- : 47.0 4+ 76.4 (0.04 199.3 +47.3 (0.04 25. 4(0.03
W, (P;, m;) in parentheses OISE-FREE OBS. | 7747.0£76.4(0.04) | 6199.3 +47.3(0.04) ‘ 5925.0 + 65.4 (0.03)

NOISY OBS. 12686.9 4 150.9 (0.04) | 8506.1 & 65.6 (0.04) | 8300.0 & 67.6 (0.04) 9




Experiments: Unpaired Img-to-Img Translation

Goal: Transport dog images 14 (x4) to cat images my(xg),

while preserving smooth latent structures

Inherently noisy V;(x); Sources of stochasticity:
- Imperfect VAE model
- Slerp is only approximation to optimal path

Ve(xe) = llxy — dec(z)ll1, z¢ = slerp(t, enc(xg), enc(xy))

with a pre-trained VAE
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(a) Prior and posterior of P(x|xy, x;)  (b) Generation by SDE (c) Generated images
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Conclusion

* A novel GP approach to pinned path marginal modelling for GSB
* Formulate CondSOC of GSBM into GP inference problem
* More flexible and robust solutions than GSBM

* Benefits & limitations
* Robust to potential noise in stage costs
* A principled way to deal with uncertainty in GSB problems
* Higher computational complexity arising from GP inference (kernel inversion)
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