
Buckingham 𝝅-Invariant Test-Time Projection for 
Robust PDE Surrogate Modeling

Seokki Lee1*, Min-Chul Park2*, Giyong Hong1*, Changwook Jeong1,3

1Graduate School of Semiconductor Materials and Devices Engineering, UNIST, 
2CSE Team, Samsung Electronics, 3AI Graduate School, UNIST 

1



Scale-shift OOD may not be a new physics

• Why many PDE surrogates fail under scale-shift OOD (i.e., different units, magnitudes)?

→ The model implicitly treats “numerically different” as “physically different”

• However, with classical dimensional analysis, scale changes can leave the underlying physics 
unchanged.

2



Scale-shift OOD may not be a new physics

• Why many PDE surrogates fail under scale-shift OOD (i.e., different units, magnitudes)?

→ The model implicitly treats “numerically different” as “physically different”

• However, with classical dimensional analysis, scale changes can leave the underlying physics 
unchanged.

Scale-shift OOD Physically In-distribution
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Parameter space 𝝅-space



Buckingham 𝝅 Theorem
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https://en.wikipedia.org/wiki/Buckingham_pi_theorem

Edgar Buckingham

• A theory that transforms physical equation with various inputs into relationships between 
dimensionless variables (𝜋-groups).



Insights from the Buckingham 𝝅 theorem: 𝝅-equivalence
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https://en.wikipedia.org/wiki/Buckingham_pi_theorem

Edgar Buckingham

“A physical system can be expressed using dimensionless 𝝅-groups” 



Insights from the Buckingham 𝝅 theorem: 𝝅-equivalence
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https://en.wikipedia.org/wiki/Buckingham_pi_theorem

Edgar Buckingham

“A physical system can be expressed using dimensionless 𝝅-groups” 

“𝝅-equivalent” = “physically equivalent”

• The solutions depend on inputs via 𝜋. Then, the scale-shift can look OOD in parameter space, yet be 
in-domain in 𝜋-space. 



Calculation of Buckingham 𝝅-invariants
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• Worked example – thermal conduction

Dimension matrix 𝐷 =

1 1 0 0
1 −1 0 1

−3 −3 0 0
−1 0 1 0

Columns: {𝑘, 𝑞, Δ𝑇, 𝐿}        /        Rows: {𝑀, 𝐿, 𝑇, Θ}

Base units (kg, m, sec, K)𝑘 [W/mK], 𝑞 [W/𝑚ଷ]
Δ𝑇 [K], 𝐿 [𝑚]

𝐷Φ = 0 (Dimensionless condition)

𝜋௧௛ =
௤௅మ

௞୼்
=

ௐ/௠య ௠మ

(ௐ/௠௄)(௄)
=

ௐ/௠

ௐ/௠
= 1 (Dimensionless)Φ =

−1
1

−1
2

−∇ ȉ 𝑘∇𝑇 = 𝑞



Domain-profile Reduction for Stable 𝝅-groups
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• Using pixel-wise 𝜋-groups can cause 𝝅-information loss and 𝝅-degeneracy (𝝅 → 𝟎).

𝝅𝒕𝒉 → 𝟎

Thermal conductivity 
(𝑘)

Volumetric heat source
(𝑞)

Boundary condition Pixel-wise 𝜋 values



Domain-profile Reduction for Stable 𝝅-groups
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• Using pixel-wise 𝜋-groups can cause 𝝅-information loss and 𝝅-degeneracy (𝝅 → 𝟎).

→ The issue can be resolved by representative values (e.g., mean) through domain profile reduction.

𝝅𝒕𝒉 → 𝟎

Thermal conductivity 
(𝑘)

Volumetric heat source
(𝑞)

Boundary condition Pixel-wise 𝜋 values

𝒌ഥ =
1

𝐻 × 𝑊
෍ ෍ 𝑘௜௝

ௐ

௝ୀଵ

ு

௜ୀଵ

𝒒ഥ =
1

𝐻 × 𝑊
෍ ෍ 𝑞௜௝

ௐ

௝ୀଵ

ு

௜ୀଵ

Δ𝑇 = 𝑇௠௔௫ − 𝑇௠௜௡

(𝜋- information loss)

𝜋௧௛ =
௤ത௅మ

௞ത ୼்

(image-wise 𝜋-value) 



Definition of 𝝅-equivalence class
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• A 𝜋-equivalence class is a scale orbit.

𝑥 గ = {𝑥 ⨀ 𝑒𝑥𝑝 𝑣  | 𝑣 ∈ 𝑘𝑒𝑟(Φ୘)}

,where 𝑥 is a set of parameters, and 𝑣 is a set of log-scale scaling vectors that preserves 𝜋-values.



Decomposition for nearest 𝝅–equivalence class search
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• Goal: Find the nearest training 𝜋-equivalence class (physics match), then adjust scale within the 
class (projection).

• A 𝜋-equivalence class (log-space): 
 𝑧 గ = 𝑧 + ker (Φ்), where 𝑧 = log 𝑥

• Unconstrained scaling vector:
𝑣௜

௧ = 𝑧௜ − 𝑧̃, where  𝑧௜ for train sample 𝑖, and 𝑧̃ for test

• Key idea: decompose 𝑣௜
௧ into intra-class (scaling, 𝝅-preserving) + inter-class (physics change).



Decomposition for nearest 𝝅–equivalence class search
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• Projector 𝑃||: extracts the 𝝅-preserving (scaling) component by projecting onto ker (Φ்) and the 
residual (𝐼 − 𝑃||) measures physics mismatch.

𝑃|| = 𝐼 − Φ Φ்Φ ିଵΦ் (or 𝑃|| = 𝐼 − ΣିଵΦ Φ்ΣିଵΦ ିଵΦ் 𝑤𝑖𝑡ℎ 𝑎 𝑤𝑒𝑖𝑔ℎ𝑡 Σ)

• Decomposition of unconstrained scaling vector: 

𝑣௜
௧ =                       𝑃||𝑣௜

௧                           +                                  𝐼 − 𝑃|| 𝑣௜
௧

Intra-class (scaling, 𝜋-preserving) Inter-class (changes 𝜋)



Decomposition for nearest 𝝅–equivalence class search
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• Optimum train sample to be projected (the nearest 𝜋-equivalence class)

𝑖∗ = argmin
௜ୀଵ,ଶ,…,ெ

𝑣௜
௧ − 𝑣௜

∗
ଶ



Decomposition for nearest 𝝅–equivalence class search
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• Optimum train sample to be projected (the nearest 𝜋-equivalence class)

𝑖∗ = argmin
௜ୀଵ,ଶ,…,ெ

𝑣௜
௧ − 𝑣௜

∗
ଶ

𝒗𝟏
𝒕

𝒗𝟏
∗



Decomposition for nearest 𝝅–equivalence class search
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• Optimum train sample to be projected (the nearest 𝜋-equivalence class)
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௜ୀଵ,ଶ,…,ெ

𝑣௜
௧ − 𝑣௜

∗
ଶ

𝒗𝟐
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Decomposition for nearest 𝝅–equivalence class search
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𝒗𝟏
∗ = 𝒗𝟐

∗

𝒗𝟐
𝒕

𝒗𝟏
𝒕

• Quotient distance (class-class) comparison:
𝐷஺ = 𝑣ଵ

௧ − 𝑣ଵ
∗

ଶ < 𝐷஻ = 𝑣ଶ
௧ − 𝑣ଶ

∗
ଶ

→ The train sample A is the optimum sample to be projected (the nearest 𝜋-equivalence class).

• The projected (scaled) test sample is finally given by

𝑥෤∗ = exp 𝑧̃∗ = exp 𝑧̃ + 𝑣∗ = 𝑥෤ ⊙ exp (𝑣∗)
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• Given OOD test inputs with different scales, predict PDE solutions w/o retraining.

• Problem definition:

Buckingham 𝝅–Invariant Test−Time Projection



18

• Step 1. Domain Profile Reduction
→ extract feature vectors to form dimensionless 𝝅 using feature extractor 𝜓.

Buckingham 𝝅–Invariant Test−Time Projection

Thermal conductivity 
(𝑘)

Volumetric heat source
(𝑞)

Boundary condition

𝜋௧௛ =
௤ത௅మ

௞ത ୼்

(image-wise 𝜋-value) 

Physical input parameters

Feature extractor 𝝍
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• Step 2. 𝜋-Invariant Projection
→ rescale a test sample 𝒙෥ into the nearest train sample 𝑥∗ based on quotient distance calculation.

• Leverage log-space for efficient calculation & preserving 𝜋-space geometry.

Buckingham 𝝅–Invariant Test−Time Projection
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• Step 2. 𝜋-Invariant Projection
→ rescale a test sample 𝒙෥ into the nearest train sample 𝑥∗ based on quotient distance calculation.

• Leverage log-space for efficient calculation & preserving 𝜋-space geometry.

Buckingham 𝝅–Invariant Test−Time Projection

Log space
Buckingham π 

projection

Projection

𝑥෤ 𝒛෤∗𝒛෤

𝒛෤ = 𝐥𝐨𝐠 𝒙෥

Physical space
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• How projection acts?: apply scaling coefficients to input parameters of test 𝒛෤.

Buckingham 𝝅–Invariant Test−Time Projection

Projection

𝒛෤∗𝒛෤

Buckingham π projection

Original test sample 𝒛෤ Projected test sample 𝒛෤∗

Channel-wise scaling

𝑘, 𝑞, Δ𝑇, 𝐿 𝛼𝑘, 𝛽𝑞, 𝛾Δ𝑇, 𝛿𝐿
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• How projection acts?: apply scaling coefficients to input parameters of test 𝒛෤.

Buckingham 𝝅–Invariant Test−Time Projection

Projection

𝒛෤∗𝒛෤

Buckingham π projection

Original test sample 𝒛෤ Projected test sample 𝒛෤∗

𝑘, 𝑞, Δ𝑇, 𝐿 𝛼𝑘, 𝛽𝑞, 𝛾Δ𝑇, 𝛿𝐿
• 𝝅-preserving constraint:

௤௅మ

௞୼்
=

ఉ௤ ఋ௅ మ

(ఈ௞)(ఊ୼்)
,   𝑤ℎ𝑒𝑟𝑒 𝜷𝜹𝟐 = 𝜶𝜸

𝐥𝐨𝐠 𝜷 + 𝟐 𝐥𝐨𝐠 𝜹 − 𝐥𝐨𝐠 𝜶 − 𝐥𝐨𝐠 𝜸 = 𝟎

Channel-wise scaling
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• Step 3. Prediction on projected inputs & Inverse-scaling outputs.

Buckingham 𝝅–Invariant Test−Time Projection

• Prediction on scaled inputs with surrogate 𝑓ఏ.

𝒀෡𝒔𝒄𝒂𝒍𝒆𝒅 = 𝒇𝜽 𝑿෩∗

• Inverse-scaling: inverse-scale the prediction results.

𝒀෩𝒐𝒓𝒊𝒈 = 𝝆 𝒈 ି𝟏 𝒀෩𝒔𝒄𝒂𝒍𝒆𝒅 (𝑝 𝑔 : output-side scaling operator)

𝑻෡𝒐𝒓𝒊𝒈 = 𝑻𝒎𝒊𝒏 + 𝜸ି𝟏(𝑻෡𝒔𝒄𝒂𝒍𝒆𝒅 − 𝑻𝒎𝒊𝒏) (Thermal)

(𝑇୫୧୬ : minimum Dirichlet boundary temperature)
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• Flowchart of Buckingham 𝜋-Invariant Test-Time Projection

Buckingham 𝝅–Invariant Test−Time Projection
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• The projection shows robustness under scale-shift OOD
→ Projection method can predict the trend to some extent even in the worst-cases.

Buckingham 𝝅–Invariant Test−Time Projection
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• While projection method shows robustness under scale-shift OOD, the computational cost for 
searching the nearest sample increases as the number of train/test samples increases.

→ We adopt 𝜋-uniform strategy and clustering projection.

Toward Practical OOD-Robust PDE Surrogates
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• 𝜋-uniform strategy uniformizes the sample-wise 𝜋 distribution in train samples by tuning the 
dominant scale input (e.g, 𝒒 in thermal conduction).

→ Dominant parameter is defined as the input parameter that directly controls the Buckingham 𝜋-group 
and tune it for uniform distribution ensures uniform 𝝅-distribution.

Toward Practical OOD-Robust PDE Surrogates



𝒒

𝒅𝒙

𝒅𝒚

𝚫𝑻 

𝒌
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• 𝜋-uniform strategy uniformizes the sample-wise 𝜋 distribution in train samples by tuning the 
dominant scale input (e.g, 𝒒 in thermal conduction).

→ Dominant parameter is defined as the input parameter that directly controls the Buckingham 𝜋-group 
and tune it for uniform distribution ensures uniform 𝝅-distribution.

Toward Practical OOD-Robust PDE Surrogates

𝐒𝐇𝐀𝐏 𝐯𝐚𝐥𝐮𝐞𝐬𝐏𝐚𝐫𝐚𝐦𝐞𝐭𝐞𝐫𝐬

48.7%𝑞

16.4%𝑑𝑥

16.4%𝑑𝑦

6.0%Δ𝑇

12.5%𝑘
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• 𝜋-uniform strategy uniformizes the sample-wise 𝜋 distribution in train samples by tuning the 
dominant scale input (e.g, 𝒒 in thermal conduction).

→ The set of centroids can cover the distribution of all train samples.

Toward Practical OOD-Robust PDE Surrogates

Log-scale 𝝅-distribution
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• Clustering Projection via Centroids:

The vanilla projection method search the entire 𝑀 train samples for each 𝑁 test samples, the clustering 
projection search only among 𝑲 centroids from clusters.

→ Computational cost reduces from 𝒪(𝑀𝑁) to 𝒪(𝐾𝑁) (𝑀 > 𝐾)

Toward Practical OOD-Robust PDE Surrogates
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• The clustering projection retains robustness on scale-shift OOD with lower computation cost for 
practical deployment.

Practical Takeaways
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• Even when OOD lies far outside the training 𝝅-range (OOD in physics), the projection still improves
predictions-though gains shrink as OOD becomes extreme.

Robustness on OOD in dimensional space



For more details
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• The complete description and results can be found in our paper.

• In-depth dimensional analysis via matrix null space based on Buckingham 𝝅 theorem.

• A detailed description of Buckingham 𝝅-Invariant Test-Time Projection and an algorithm.

• Extensive evaluation on thermal conduction and linear elasticity across CNN/Unet/FNO.

• Additional PDE studies on Navier-Stokes, including ideal and incomplete 𝝅-groups.

Paper Poster


